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Table 1 Harmonics for rank 0.

No. multipole expression

1 Qo(A1) 1

Table 2 Harmonics for rank 1.

No. multipole expression
2 Q1(4y) z
3 Q:1(B1) =
4 Q1 (B2) Y

Table 3 Harmonics for rank 2.

No. multipole expression
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Table 4 Harmonics for rank 3.

No. multipole expression

2.2 .22 o 2
10 Qa(dr1) -

11 Qg(Al,Q) \/ﬁz(w;y)(w+y)
12 Q3(42)  V1bayz

1(212—3y2—322)

13 Qs3(Bi,1) .
14 Qy(By,2) Yisrlu_als)
15 Qs(By1) —UETE)
16 Qs(By,2) —YIul—2+s)




Table 5 Harmonics for rank 4.

No. multipole expression
17 Qq(Ag,1) \/ﬁ(w4*31ﬂ2y2*3w;z2+y473y2zz+z4)
18 Q4(41,2) - \/E(JJA*1212y2+6112222+y4+6y2zg7224)
19 QuAy,3) YLenern(ioo)
20 Qu(Ap,1) ¥Euul—ulaty)
21 Q4(A2,2) 7%
22 Qu(B1,1) —w
23 Qu(B1,2) _w
2 Qu(By1) Yot
2% QuBy2) Lwlrvi)
Table 6 Harmonics for rank 5.
No. multipole expression
26 Qs(A1,1) Z(ISIAHOIZ‘VQ*4012§2+15y4740y2z2+8z4)
21 Qs(41,2) 3\/£2(m2_2my_§/2)(-”2+21y—y2)
28 Q5(A1,3) — mz(z*y)(zzw(z%y*—zzz)
20 Qy(dg1) B/FmEGnety
30 Qy(Ap2) YVIBrwltyio2)
31 Qs(Bi,1) 1(81474012y2,4012ZZ+1594+30yzzz+1524)
32 Qs5(Bi,2) 3\/%:1:(1:27%%;2)(y2+2yz#)
33 Qs(B1,3) 1051(@1*2)(y~:z)(2127y2722)
34 Qs5(B2,1) y(15m4_40‘”2"J2+30-”2;2+8y4 —40y%2%+152%)
35 Qs(B2,2) 3‘/ﬁy(12*212*8z2)(zz+2zz—z2)
36 Q5(Bp3) YORemat(ef -2t




Table 7 Harmonics for rank 6.

No. multipole expression

37 Qs
38 Qs
39 Qs
40 Qs
41 Qs
42 Qs

4 Qs
45 Qs
46 Qs
47 Qs
48 Q¢
49 Qs

(A1,1)
(A1,2)
(41,3)
(A1, 4)
(42,1)
(A2,2)
43 Qg(A2,3) o
(B1,1)
(B1,2)
(B1,3)
(B2,1)
(B2,2)
(B2,3)

ﬂ(Zz“—15w4y2715w4z2715w2y4+180x2_1/2z2715z2z4+2y5—15y4z2715y?z4+2z6)

8
_ \/m(r—y)(w+y)(zgz)(z-*-z)(y—z)(y-*-l)
B V14(26—152% 2% 41522 2% 44 —15y* 22 +15y%2* —22)
\/ﬁ(zfy)(z+y)(z47912y2 7851222+y475y2z2+5z4)
73my<m—y><m+y>(ﬂ@?—wﬁ)
\/@zy(zzfliyz) (4113127112)

16
\/21Omy(z4+2x2y2—161222+y4—16y222+1624)

3VTxz(z—2)(z+2) (12710y2+z2)
4
46212(1273{") (312722)

16
\/ﬁa:z(w47161'2y2+2w2z2+16y4716y2z2+z4)
16
B\ﬁyz(yfz)(y#»z)(10127y2722)
4

V462yz (y2—322)(3y2—22)
16
\/210yz(167:471612y27161222+y4+2y2z2+z4)
16

Table 8 Harmonics for rank 7.

No. multipole expression

50 Qr(Ap, 1) _2(3516+10514y2—210z422+10512y4—42012y12622+1681224+35y6—210y422+168y2z4—16z6)
51 Q:(A1,2) — \/ﬁz(a:z7211:y7y2)(mztzwyfgf)(3:L'2+3y2710z2)

52 Qi(Ay,3) \/mz(zfy)(ery)(12:3;4zy+y2)(12+4zy+y2)

53 Qr(Ar4) \/ﬁz(m—y)(:ﬂﬁ—y)(15Jr4+30.772y322—80:n222+15y4—8Oy222+4824)

54 Qr(As,1) \/ﬁzyz(3147512y275212z2+3y475y2z2+3z4)

55 Qi(42,2) — \/ﬁzyz(x—y)(z+i;)(312+3y2—1022)

56 Qr(As,3) — ﬁxyz(sx“72012y2+1(112z2+3y4+10y2z276z4)

57 Qi(By, 1) 1(1616716814y271681422+21012y4+42012y126:22+2101224735y67105y4227105y22473526)
58 Q:(B1,2) \/m:c(101273y27322)(;J;nyzfz2)(y2+2yzfz2)

50 Q:(Bi,3) \/WZ(y*Z)(erz)(yZ;;yzﬁz)(y2+4yz+z2)

60  Q:(Bi,4) \/ﬁx(y—z)(y+z)(4814—so;:>2y;—so:n222+15y4+30y222+15z4)

61 Q:(Bs,1) _y(3515721014y2+10514z2+16812y4742Oz2y126z2+1051224716y6+168y4z27210y2z4+35z6)
62 Q:(Bs2) - \/2371y(z2—2zz—22)(zztzzz—zz)(322—10y2+322)

63 Qi(B2,3) - \/my(acfz)(z+z)(123;4zz+z2)(x2+4wz+z2)

64 Qi(Bad) — \/ﬁy(zfz)(zqtz)(lSzA78012y;2+301222+48y4780y2z2+1524)




Table 9 Harmonics for rank 8.
No. multipole expression
33 ,’1!:8—14.'1/‘6112—14.’1:6224—35:1:4g,/"/l-%-35:1r:424—14.'/i:2y6—14.’1/:226-%—&18—l4sz2+35y4z4—14’5]226-%—28
65 Qs(dr,1) L - )
286(2® —142°%y> —142°22 42102 y? 2> — 1422y + 21027y 22 42022y 2" + 2827 20 +4° — 14y %27 +28y 20 —22°)
66  Qs(A,2) -
\/858(m—y)(z+y)(zz+y2—1422)(.7:2—4acy+y2)(z2+4my+y2)
67 Qs(A1,3) - o
V210(2® —622°y° +342° 2 +1602" y* —302* y 22 — 802" 2* —622°y° —302°y* 2 +602°y* 2" +282% 2% +1®+34y° 2> — 80y 2* 428y %20 —22°)
68 Qs(Ar,4) -
3\/70(z—y)(z+y)(z6+314y2—301422+312y4—60z2y222+801224+y6—30y422+80y224—3226)
69 Qs(A1,5) - 61
3VTI5ay(v—y) (z+y) (a* —2cy—y*) (a”+ 20y —y°)
70 Qs(As,1) -
3VTTzy(z—y) (z+y) (2t +222y% — 242222 fy? —24y2 2% +402*
1 Qs(A2) ¥ (= 2oty )
858:l:y(:1:2—3y2)(3:1:2—y2)(:l:2+y2—1422)
72 Qs(As,3) - -
3vT0zy(z®+3zy? —30z* 22 + 322y —6022y2 22 +80x2 2% +y% —30y? 22480y 2 24 —322°
73 QA ) -2 il )
3VT15zz(x—z2)(z+2) (22 =222 —22) (224202 —22
4 Qs(B1,1) - (16 X )
3 77a:z(x7z)(m+z)(14724z2:l/2+212z2+40y4724y2z2+z4
5 QB2 - v )
858xz(12—322)(312—22)(12—14y2+z2)
76 QS(BL,S) - 32
3 70wz(1":‘730w4yz+31’4z2+80w2y4760w2y2z2+3w2z4732316+8Og/4z2730y2z4+z6
7T Qs(Brd) - - )
3VT15yz(y—2) (y+2) (y* —2yz—22) (y> +2yz—22
78 Qu(Byl) Y (16 ) )
3\/77yz(y—z)(y+z)(40:1:4—24:1:2y2—24:1:222+y4+2y222+z4)
79 Qs(Ba,2) s
858yz(y? —322)(3y% —22) (1422 —y? —22
S0 Q) VI )
3 70yz(32:r6—80:c4y2—80.1:422+3Ox2y4+60.1;2y222+30.1:224—y6—3y422—3y224—26)
81  Qs(Ba4) X 0




Table 10 Harmonics for rank 9.

No. multipole expression
2(31518+126016y2733601622+189014y471008014y222+60481424+126012y671008012y4z2+1209612y22472304zzzs+315y873360y6z2+6048y42472304y226+12828)
82  Qo(41,1) o8
3 121552(:)74—4:1:3y—6:ﬂ2y2+4,’l:y3+y4)(:E4+4:I:3y—6:1:2y2—4:1:y3+y4)
83 Qo(4,2) X i
3v50052 12721y7y2 z2+21y7y2 zd+212y2781222+y478y2z2+824
84 Qo(A1,3) ( X (ﬁ )
- \/42902(z—y)(z+y)(302—4.1:y+y2)(.1:2+43:y+y2)(3m2+3y2—1422)
85 @9(‘41 ) 4) - 64
3\/110z(a:7y)(z+y)(7zﬁ+21z4yz77014z2+2112y47140z2y2z2+11212z4+7yf’7701/4z2+112y2z4732z6)
86 Qo(A1,5) — o1
]7 QQ(AQ, 1) _ \/51051013/2(:)7—1;)(ao+y)8(.1:—z)(.1:+z)(y—z)(y+z)
330zyz 6;1;67211:4y2721w4z2721:r2y4+1401:2y2z2721w2z4+6y6721y4z2—21y2z4+6z6
88 Qo(Ay,2) 0wu i )
4290y z(z—y) (z+y) (3z* 1122y — 72?22 4 3y* —Ty2 224724
89 Qo(42,3) Y (a7 11 )
3v14302yz :1:6—711:422+7:1:224+y6—7y422+7y224—226
90 Qo(As,4) 2 ( : )
©(1282° —23042%y —23042° 2% +60482" y* +120962" y° 22+ 6048 2* —33602%y® — 1008022y * 2% — 1008022y 2* — 336022 2° 4315y +1260y° 2> +1890y 2* +1260y° 2° +3152°)
91  Qy(B1,1) 128
3 12155z(y4—4y3z—6y222+4y23+z4)(y4+4y32—6y222—4y23+z4)
92 Qo(Bp,2) X s
3v/5005z (y? —2yz—22) (y>+2yz—2z2 8z47812y27812z2+y4+2y2z2+z4
03 Qu(By3) 20 X X )
VA290z (y—2) (y+2) (1422 —3y% =322 ) (y? —4yz+22) (v2 +4yz+22
94 Qo(B1,4) ( o1 X X )
3\/110w(y7z)(y+z)(323067112w4g/271121:4z2+7Ow2y4+14012y2z2+701:2z477y6721y4z2721y2z477z6)
95  Qo(B1,5) 2
y(3152° —33602%y° +12602° 2% +6048z" y* — 100802y 2° +1890x" 2* —23042°y % +120962°y* 2> — 100802y 2! +12602” 26 +128y° —2304y° 2> +-6048y* 2* —3360y>2°+3152")
96  Qg(B2,1) 128
3V 12155y .’1:4—4:1:32—6.112z2-%—4.'1:234—24 .'IJ4+4.'IJBZ—6.'IJ222—41'23+Z4
07 Qo(Bs2) Y ( - ) )
3v/5005y 2?2222 (2% 422222 147812y2+2z222+8y478y222+24
98 Qo(B2,3) ( X 2£ )
4290y (z—2z)(z+2) 22 —dzz+22) (22 +4zz+2> 3:z2—14y2+322
9 Qy(B2d) ( o E !
3V110y(w—2) (z+2) (72° =700y + 212 22+ 1122 y* — 14022y 2% +212° 21 —32y O+ 112y 22— 70y % 2" +72%)
100 Qg(Be,5) 64




Table 11 Harmonics for rank 10.

No. multipole expression

vV 390(21‘10 7451:8y2 74518z2+42w6y4+1008w6 _1/2z2+42x6z4+421:4y671260a:4y4z2 71260w4g/2z4+42w4z6 745wzys+1008w2y':‘z2 71260w2y4z4+10081:2y2z6 —45z2 z8+2ymf45y8z2+42y':‘z4+42y4z6745y2z8+2z10)

101 @10 A17 1 96
102 Q A2 \/27170(173/)(z+y)(zfz)(z+z)(yfz)(erz)(31471112y27111222+3y4711y222+3z4)
1041, - ED)
V/420189( 22210 +4528y? —103525 22 —1052%y* —6302°y2 22 +49352° 2* — 1052445 4+-315004y* 22 — 157504y 2 24 — 483004 26+ 452245 —63022 5 22 — 157522 y* 24 +126022 42 26499022 28422910 — 1035y5 22 +4935¢° 2+ —4830y* 26 499042 25 — 44210
103 Qlo Ala 3 - 35952
V140063(z—y) (z+y) (2224° —6532°y? —3152° 224260221 y* —94524 42 22 +15752% 21 65322y 94522y 224315022y 2 21 — 168022 20 +22y° —315¢° 22 +1575y* 24 —1680y? 2° +3602°
104 QIO Al7 4 i - 11984
V/3213210(321° —9628y? —3925 22 422425 y* +134425y? 22 — 4225 24 4-2242% 5 — 67202 y* 224336024y 2 24 —1822% 26 — 9622 y® + 1344225 2% 4 336022 y* 2% — 268822y 26 41352228 4-3y1° —39¢8 22 —42y5 2% —182¢* 264135y 2% —621°
105 Qio(A1,5) - 53968
V1071070(z—y) (z+y) (925 —1652°y? —2312°22 — 2524y +380104y? 22 +40654 2% — 16522y ° +380122 y* 22 —967422 y? 24 426622 20 +9y° —231¢° 22 4+406y* 2 +266y2 20 —572°
106 Ql() Al ) 6 23968
107 Q A1 \/12155zy(x—y)(z+y)(zz+y2—1822)(12—2xy—y2)(12+21y—y2)
10(A2;, - 35
V2145zy(z—y)(z+y) (w6+31'4y2 742w4z2+3w2y4 7841:2.1,/2 z2+1681:2z4+y6 —423/4z2 +168y2 241 12zc‘)

108 Qqo

32
Vv 923781y(14 —1022y2 45y ) (Emv4 — 1012y2+y4)
109 Qqo R
\/4290:1:11(:1:2 —3y2 ) (3.’1:2 —yz) (3:1:4+6:1:2y2 —96.’1,'222-f—3y4 —96y2 z2+224z4)
256

110 Qo
V165wy(72°+282%y% —3362° 22 +420" y* — 10082y 22 +1680" 2! +-282%y® — 100837y * 22+ 336027y 2! —17922% 20+ 7y —336y° 2> +1680y" 2* —1792y% 20+ 3842°)

(A1,1)
(A1,2)
(A1,3)
(A1,4)
(A1,5)
(A1,6)
(Az,1)
(A2,2)
(Az,3)
(Az,4)
111 Qqo(4s,5) : 138
(B1,1)
(B1,2)
(B1,3)
(B1,4)
(B1,5)
(B2, 1)
(B2,2)
(B2,3)
(B2,4)
(B2,5)

12 Qu \/12155mz(x—2)(z+z)(z2—18y2+22)(12—212—22)(:z2+2.1:z—22)

113 Quo V2145x2(z—2) (x+2) (16742z41?22+314z2+168z2y;278412y2z2+3z2z47112y“+168y4z2742y2z4+z5’)
114 Quo

115 Quo

116 Quo
117 Qqo
118 Quo
119 Quo
120 Quo
121 Qq0(Ba2,5

V92378zz(2* —102%22452* ) (52" 102”2 +2%)
256
VA290z(2° —32%) (82° —2°) (32* —962°y* +62° 2° +224y* —96y°2° +32*)
256
16522(72® —3362%y° +282° 2 41680z y* —1008xy* 2° +422* 2* —17922°y°+33602°y* 2° — 100827y 2" + 2827 20 +384y® — 1792y ° 2% + 1680y * 2* —336y° 20 +72°)
128

V4 12155yz(y—z)(y+z)(18:1:2—y2—22) (y2—2yz—22) (y2+2yz—22)
32
V2T46yz(y—2) (y+2) (1122° 1682 y> — 1682 2° +422%y* + 8422y > 2° +420° 2" —y° —3y* 27 3y 2" —2°)
32

V92378yz(y* —10y° 22 +52*) (5y* 10y 2> +2*)
256
VA290yz (y? —322) (3y° —22) (2242 — 962y —962° 2> +3y" +6y> 2% +32")
256
w/165yz(384xs —17922%y2 —17922°% 22 +168024 y* 4336024 y? 22 +1680z4 24 — 33622 y® — 100822y 22 —100822y2 2* —33612z"’+7y8+28y622+42y4z4+28y226+7zs)
128




Table 12 Harmonics for rank 11.

No. multipole expression
122 Q (A 1) z(693110+346518y2—11550x822+693016y4—4620016y222+3696016z4+6930x4y6—69300x4y4z2+11088014y224—31680x426+346512y8—4620012y622+11088012y4z4—6336012y226+7040x228+693y1D—11550y822+36960y624—31680y426+7040y228—256210)
11(A1, - 256
\/692835z(az2+y276z2)(1‘474w13,1/761:2y2+4wy3+y4)(1:4+4x3_1/761'2y27411/3+y4)
123 Qui(A1,2) - 256
124 Qu1(Ar,3) _3\/10012(1272zy7y2)(12+2zy7‘y2)(516+1514y27701422+1512y4714Ozzyzz2+1681224+5y577Oy422+168y22478026)
’ 128
V19399382 (z—y)(z+y) (11:4—4:1031/—14:1,'21/2 —4:L'y3+y4)(:l>4+4:z3y—14.'1:2y2 +4:1>y3+y4)
125 Q11(A1,4) 512
\/14586z(zfy)(z+y)(z274zy+y2)(12+4zy+y2)(1514+3012y271601222+15y47160y2z2+224z4)
126 Q11(44,5) =15
127 Qui(A1,6) V21452 (z—y) (z+y) (2125 +842y? —3362° 2%+ 1262 y* — 10082 y? 2%+ 10082 2* +842%y° 10082 y* 22 +20162°y* 2* — 7682 26 +21y® — 336y ° 2%+ 1008y 2* — 768y > 20+ 1282")
11(A1, 256
V2431zyz (52° —302%y° —302° 2> +632" y* +632" 2* —300°y° — 3022 2%+ 5y° —30y° 2> +63y" 2* —30y>2°+52%)
128 Q11(A2,1) 3
692835xyz(z—y) (z+y) (22 +y? —622) (22 —2zy—y?) (22 422y —y>
120 Qui(42,2) -~ (2762 )( )
\/230945wyz(18763561/276z6z2+4214y2z27622y6+421:2y4z2—84w2y2z4+12w2z6+ys76y6z2+12y2z6—2z8)
130 Qi1(A2,3) — 35
3\/loolzyz(zfy)(zﬂ»y)(516+1514y27701422+1512y4714012y222+1681224+5y677Oy422+168y2z4780z5)
131 Qu1(A2,4) - =3
132 (@ (A 5) \/3003:1:1/2(5:1:8—150.’I:Gy2+90:1:622+336:1:4y4—70:1;4y222—168:11424—15O:ﬂ2y6—70:1:2y422+140.’I:2y2z4+60:1:226+5y8+90y6z2—168y4z4+60y2z6—1028)
11(Az2, - 32
133 Qui(Bu, 1) 225620 —70402%y> —70403° 22+ 316802y +633602°y> 2> +316802° 2" —369602" y® — 1108802 y* 2% — 1108802 y*2* —36960z" 2°+ 1155022 y® +462002°y° 2>+ 693002y 2* +462002°y? 2%+ 1155002 2% — 693y ' —3465y° 2> — 6930y 2* — 6930y 2° — 3465y 2 —6932"°)
11(P1, 256
\/692835:E(6x2—y2—22)(y4—4y32—6y222+4yz3+z4)(y4+4y32—6y222—4y23+z4)
134 Qui(Bi,2) 256
135 Q (B 3) 3\/10011(y272yzfz2)(y2+2yzfz2)(80167168141/27168z4z2+7012y4+14012y2z2+7012z4757,/6715y4z2715y2z475zf’)
11{P1, 128
\/19399381(y—z)(y+z)(y4—4y32—14y222—4yz3+z4)(y4+4y32—14y222+4y23+z4)
136 Qu1(B1,4) 512
\/14586:1'(],/7.2)(y+z)(y274yz+z2)(y2+4yz+z2)(2249:4716012,1/27160@2z2+15y4+30y2z2+15z4)
137 Q1(By,5) 13
138 Q (B 6) \/21451(y7z)(y+z)(12818776816y277681622+100814y4+201614y2z2+100814247336123/67100812@142271008121122473361226+21ys+84y522+126y424+84y226+2128)
11(DP1, 256
130 Qui(Ba, 1) (693210 —1155025y> +34652° 22 +369602° y* 462002y > 2% +69302° 2* — 316802 y° +110880z* y* 22 —69300a* y? 2* + 69302 20+ 704027y ® — 633602y 22 +11088022y* 2* — 462002y 26+ 346527 2° —256y ' * +7040y® 2% — 31680y ° 2* +36960y* 26 — 11550y 2° +69321°)
11(D2, - 256
\/692835y(1276y2+z2)(zdf4z3zfﬁz222+4zz3+z4)(14+4I3Z76122274123+z4)
140 Qu1(B2,2) — 356
141 Qui(B2.3) 3v/1001y (2% —202—2 ) (2% +222—27) (52° —702*y* + 152 22 41682 y* — 14027y > 2%+ 152° 2* 80y +168y* 2> — 70y 2* +52°)
11(D2, - 128
\/19399381}(z7z)(z+z)(1474z3zf1412z274zz3+z4)(z4+4x3zfl4zgz2+4mz3+z4)
142 Q11(B2,4) - =13
\/14586y(z—z)(z+z)(12—4xz+22)(zz+4zz+22)(1514—160z2y2+301222+224y4—160y222+1524)
143 Qui(B2,5) - 512
144 Qu1(Bs,6) V2145y(z—2) (z+2) (212° - 3362y +842° 2% +1008z* y* — 1008z y? 22 +1262 2* — 768271 +20162%y* 22— 100822y 2* +8422 20 +128y° —768y° 22 +1008y* 2* —336y 26 +212%)
11(D2, - 256




