PG No. 23 Cg, 6/m | hexagonal |

Table 1 Harmonics for rank 0.

No. multipole expression

1 Qo(4y) 1

Table 2 Harmonics for rank 1.

No. multipole expression
2 Qi1(Ay) =
3 QB =
4 Qia(Bw) vy

Table 3 Harmonics for rank 2.

No. multipole expression

5 Q2(Ay) —%—%4—22
6  Q1(Ey) V3yz

7 Qop(BEiy) —V3wz

8 Q21(Fay) Lm‘g)(”y)
9 Qua(By) —V3ay

Table 4 Harmonics for rank 3.

No. multipole expression

2(312+3y27222)

10 Qs3(Ay) _ ;
11 Q3(Buy,1) M

12 Q3(By,2) w

13 Q31(E) ,w
14 Q32(E) _M
15 Q31(Fa) V15xyz

16 Q32(E2) w




Table 5 Harmonics for rank 4.

No. multipole expression
17 Q4(Ay) % + # — 32222 4+ % 322 4 o
18 Qu(By, 1) w
19 Qu(By,2) w
20 Qua(By,) el
9 Quo(Ey,) (Yo
22 Qua(Eoy, 1) m<x272zy7y;)(12+2111792)

23 Qua(f2,1) w
24 Qui(Eay2) — ﬁ<w—y><w+yi(w2+yz,6zz)

% Qua(By,2) Loleti=os)

Table 6 Harmonics for rank 5.
No. multipole expression
26 Qs(Aw) 2(1514+3012y274012§2+15y4*40y222+824)
27 Q5(By,1) - my(3m2—y21)6(m2+y2_822)
28 Qu(Bu) YN
29 Qs1(Eru,1) 3mx(14—11212y2+5y4)
30 Qs52(Fiu,1) — Smy(5141610$2y2+y4)
31 Qs1(Bww,2) \/EI(IA+212y2712182Z2+y"712y222+824)
32 Qs2(Bru,2) \/ﬁy(w4+2w2y2712&::22+y4*1292z2+8z4)
33 Qs1(Bay,1) —2Y30wslzu)aty)
34 Qs2(Bau, 1) szcﬁ_zmy_;f)(‘”2+2-’1>y—y2)
35 Qsn(En,2) 0wl
36 Qs52(E2,2) — V1052 (w—y)(a+y) (2 +y° —222)

4




Table 7 Harmonics for rank 6.

expression
_52®  15zty? | 45222 15a?yt | 452?y?2® 152%2% 5y® | 45ya? 15yt 6
16 T - 6 T 1 2 6 T8 7 T2
\/462(zfy)(z+y)(1274zy+y2)(zz+4zy+y2)
32
\/4621y(w273y2)(3a:27y2)
16
21012(1273112)(312+3y278zz)
- 16
V210yz(32° —y?) (322 +3y>—822)
- 16
3v154yz(52" —1022y>+y*)
16
3v/154zz(z* —1027y* +5y*)
16
x/21yz(5w4+10x21/2720z2z2+5y4720y2z2+8z4)
8
V21xz (52" +10x°y” —20x° 2" +5y~ —20y“ 2" +82
4 2, 2 2,2 4 2_2 4
- 8
3\ﬁ(a:2+y271022)(w272wy7y2)(:L'2+2<1:y—y2)
- 16
3ﬁzy(zfy)(z+y)(zz+y2710z2)
- 1
\/210(:1>—y)(:n+y)(:t4+2372y2—16:n222+y4—16y222+1624)
32
\/2101y(14+212y27lﬁz2z2+y4716y2z2+16z4)
B 16
Table 8 Harmonics for rank 7.
expression
\/6006zyz(1273y2)(3127y2)
16
z(35a:6+1051‘4y272103:4z2+105:L'2y47420w2y222+168w2z4+35y67210y4z2+168y2z471626)
- 16
\/GOOﬁz(zfy)(zi»y)(zz74zy+y2)(12+4zy+y2)
32
\/21y(3a>2—y2)(3:n4+6:1>2y2—60:n222+3y4—6Oy222+8024)
32
\/211(12731/2)(314+612y276[)zzz2+3y4760y222+80z4)
32
129z (2% —212y® +3527y* — %)
32
VA29y (720 352ty 42122yt —y%)
32
231x (2’ +y*—122%) (z* — 102y +5y*)
- 32
V231y(2*+y? —1222) (527 — 102y +4*)
32
V7o (52°+153"y? —1202" 22 +152%y" —24022y? 22424027 2" +5¢° — 120" 22 +-240y% 21 —642°)
- 32
VTy (520 +152%y> 1202 22 41507 y* —2402%y> 22 +2402% 2 +5y° —120y* 22 +240y> 2* —6429)
B 32
\/2311yz(zfy)(z+y)(312+3y2710z2)
1
\/2312(12—2111—?;2)(z2+21’y—y2)(312+3y2—1022)
- 16
VA2ayz (152" +3022y? —802% 2% +15y* —80y> 2% +482")
16
\/422(zfy)(z+y)(1514+3012y27801222+15y4780y2z2+4824)

32




Table 9 Harmonics for rank 8.

No.

65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80
81

expression
352°% | 3525y®  35a%22 105z%y?  1052%y%2? 105z%z% | 352%yS  1052%y*2% | 1052%y%z
128 T 32 it & r e L T T 2
_ V858(z—y) (z+y) (27 +y° —1422) (2* —4zy+y?) (2* +ay+y°)

64

\/8581y(12 —3y2)(312—y2) (12+y2—14z2)
- 32

V115522 (2° —3y?) (32" +62°y° —202° 2>+ 3y* —20y° 2° +162")

32
VI155yz(32° —y® ) (32" +62%y> —202° 2% +3y* —20y° 2% +162")
32
3VT15yz(72%—352*y? +212%y* —y%)
32
3VTI5zz (2% 212" y*+352°y" —7y°)
- 32
3V 1001yz(:1r:2-f—y2 —422) (5.'1:4 - 10:1:2y2+y4)
- 32
3v1001zz (22 +y>—427) (z* —1022y>+5y")
- 32
3yz(3520+1052*y> —2802* 22 +1052°y* —5602°y> 2% +3362° 2* +35y° —280y* 2 +336y>2* —642°)
- 32
3w2(352°+1053"y? —280a" 22 +1052°y* —5600”y> 2% +33627 2 +35y° —280y* 22 +336y° 2" —642°)
32
3V 715(14 —4z3y—612y2+4zy3+y4) (z4+4z3y—6x2y2 —4xy3+y4)
128
3V715zy(z—y)(z+y) (w2 —2zy—y? ) (w2+2wy—g/2)
- 16
3V 77(12 721y7y2) (12+2zy7y2 ) (14+212y2 7241222+y<l 724y222+4024)
64
3VTTxy(x—y)(z+1, .'IZ4+2.'L'2’I 2—24.'1:2z2-l-1 424, 2z2-l—40z'1
VTTzy(z—y y y y y
16
3VT0(z—y) (z+y) (2°+32"y* — 302" 22+ 32y — 602>y 2> +802° 2 +y° —30y* 2% +80y> 2" —322°)
- 64
3V 70zy(z6+3m4y2 —30x* 22 4+322y* —6022y? 22 48022 2* +y° —30y* 22480y 2 24 —3226)
32

4 . P 8 q
_ 2,6 4 35y
14x°2° + 158



Table 10 Harmonics for rank 9.

No. multipole expression
12902y z(z2 —3y?) (322 —y?) (32%+3y> —142>
82 Qo(dy1) -V ( ) al ) )
z(315:1:8+1260:)76y2—3360:n6z2+1890:1:4y4—10080:1:4y2z2+6048:£4z4+1260:1:2y6—10080;1:2y4z2+12096:)72y224—2304:ﬂ226+315y8—3360y6z2+6048y4z4—2304y2z6+128z8)
83 Q9(Ay,2) o8
\/42902(173/)(z+y)(1274zy+y2)(12+4zy+yr")(312+3y2714z2)
84 Qy(Ay,3) - o1
V24310y (32 —y?) (32° —272% 4> +332y* —y®)
85 Qo(Buy,1) 256
V2310y (32 —y?) (2% 432" y* — 362" 2° + 32y — 720%y? 2% +1202° 2* +4° — 36y 2° +120y° 2* —642°)
86 Qy(By,2) - 198
V243102 (2° -3y ) (2° - 332" y* +272%y* —3y°)
87 QQ(Buvg) 256
\/23101‘(1:273,1/2)(1‘0+3a:4y27361‘4z2+31’2y4772w2,1/2z2+120x2z4+1/6736y4z2+120y2z4764z6)
88 Qy(B,,4) - 128
331430 (2% +y% —1622) (2 —212%y? +3522y* — 79
89  Qo1(Fru,1) — ( )gsﬁ )
3V 1430y(w2+y2—1622)(7:1:6—35:114212-{—21:1:21/4—ys)
90 QQ,Z(Eluv 1) - 256
3v286z(x? —102%y? +5y*) (2 +222y% — 282222 +y* — 28y 2% + 562"
91 Qo1(F1u,2) ( ! 128 :
3\/286y(57124—10z2y2+y4)(z4+2:z2y2—28z222+y4—28y222+5624)
92 QQ,Z(EIW 2) - 128
3\/57:(7zx+2816y2728015’z2+4214y478409041/2z2+112014z4+2812y5784012y4z2+22409:2y2z4789612z6+7y87280y(iz2+1120y4z47896y2z6+128z8)
93 QQ,I(Eluvg) 128
3v/6y (725 4+282°y* —2802° 2% +422% y* —840a y? 27 +11202" 24 + 2827y % — 8402y 2° +22402° Y 2* —8962° 20+ 7y® — 280y % 2% +1120y* 2* —896y > 20+ 1282°)
94 Qo2(Eru,3) 58
3v12155zyz(z—y)(z+y) 1:272zy7y2) a:2+2wy7y2)
95 Qon(Faul) & (16 (
33121552 (zt —4a®y—622y? +4zy® +y* ) (2t +4a3y— 622y —dxy® +y*
96 Qo2(Fau, 1) ( 198 I )
3\/5005:1;yz(;1:—y)(:1:+y)(.’1:4+2:1:2y2—8:1:222+y4—8y222+824)
97 Qo1(Fau,2) - 16
3v/50052z zzfzzyfyz 12+21y7y2 14+2a52y?7812z2+y478y222+8z4
98 Qo2(Fau,2) ( X g£ )
3v110zyz (728 42124y — 7004 2% 42122 y* — 140222 22 1122224 4 7yS —70y* 22 +112y% 24 3226
99 Qo1(F2y,3) — ( 32 )
3v110z(z—y)(z+y) 716+21z4y277Ox4z2+21z2y4714012y2z2+11212z4+7:le770y4z2+112y2z4732z6)
100 Qop(Fzu3) —2 (

64




Table 11 Harmonics for rank 10.

No. multipole expression
6320 3152%y> 15752522 3152%y* 1575254222 5252524 315z%y° 472524y 22 1575z y% 24 3152426 315z%y° 15752°y% 22 157522y 2% | 315225225 452228 63y'° 1575y5 2> 525y°%24 315y42% 454228 10
101 Qi0(4y,1) — 26 — 256 T 128 18 32 - Tt 64 - 8 +E  Tme 32 - 8 + 2 — T3 256 T T 1 = Ttz
A \/4290(173;)(z+y)(1274zy+y2)(12+4zy+y2)(314+612y27961222+3y4796y2z2+22424)
102 Qio(4y,2) 512
V4290zy( x 3?2 € 2)(3:1>4+6:z2y2—96:1)2z2+3y4—96y222+224z4)
103 Qio(4y,3)
9 256
1618902 (2° —3y?) (2° —332"y>+272°y" —3y°)
104 Qio(By,1) ' ‘
g7
716+2114y2—84.7:422+21ao2y4—168.1:2y222+168.7:224+7y6—84y422+168y224—6426)
105 Qio(By,2) —
9 128
V461890yz (322 —y?)(32° —272*y?+3322y* —y°
106 Quo(B,,3) )
107 Quo(By,4) VA290y (32 —y? ) (720 212"y —84a 27 +212%y* — 16827y 2° +1682° 21 +7y° —84y* 2° +168y° 2* —642°)
10\Pg> - 128
108 Quo1(Eig, 1) 7\/7293Oyz(31:2+3y2716z2)(7@6735z4y2+21m2y4—y6)
) 9 256
109 @102(E1g 1) V7293022 (32° +3y° —1627 ) (2° —212*y° +352°y* —7%)
, ’ 256
my2(5:1;4—10:1:2y2+y4)(15:1;4+3O:1:2y2—140:1:2z2+15y4—140y222+168z4)
110 Qi0,1(E1g,2)
) 9 128
11 Quoa(Eiy,2) V8582 (2" —102%y*+5y") (152" +302°y* — 14022 22 +15y" —140y>2>+1682")
10,2 1g» 128
112 Q101(E1 3) \/55yz(63:z8+252z6y2—84Om622+378z4y4—2520.7:4y222+201614z4+2521’2y6—252012y422+403212y224—1152;1:226+63y8—840y622+2016y4z4—1152y226+12828)
) 9 128
113 Quoa(Eiy,3) VB5w2(632° 42522y —8402° 2% +378x" y! — 25202 y? 2% +20162" 2* +2522° Y0 — 252027y * 2° +40320%y > 2* — 11520 2°+63y° —840y° 2% +2016y" 2* — 1152y 25 +1282%)
10,2 1g» - 128
114 E 1 \/92378(z—y)(x+y)(x4—4z3y—14zzy2 —4zy3+y4)(z4+4z3y—14zzy2+4zy3+y4)
Q10,1(E2g, 1) 512
V92378zy (2 —1022y>+5y*) (501 — 1022y +y*)
115 Quo,2(Fag,1) 256
116 Q (E 2) \/12155(zz+y2718z2)(z4f4z3y7612y2+4zy3+y4)(z4+4z3y7612y274zy3+y4)
10,1(£2g, - 556
117 Qlo 2(E2 2) % 12155:ﬂy(:1:—y)(:1:+y)(:1:2+y2—1822)(:1;2—2:1:y—y2)(:l;2+2:1:y—y2)
) 9> 32
118 Quo1(Eay,3) _\/2145(12721y7y2)(12+21y7y2)(ze+3z4y274214z2+3z2y478412y2z2+1681224+y6742y422+168y2z47112z6)
, 95 128
119 Q (E 3) V2145zy(z—y)(z+y) (:06+3z4y2 —421422+312y4—84.1;2y222+168:z224+y6—42y4z2+168y224—11226)
10,2 295 - 32
120 Q@ (E 4) \/165(9071/)(z+y)(718+2815y27336x(iz2+42z4y4710089@4y2z2+168014z4+2812y(’7100812_1/4z2+336012y2z47179212z6+7y87336y(’z2+1680y4z471792y2z(’+384z8)
10,1(L£2g, 256
121 Quo.a(Eay,4) _\/1G5zy(718+2816y2—336x522+4214y4—1008x4y2z2+168014z4+2812y6—100812y422+336012y224—1792z226+7y8—336y622+1680y4z4—1792y226+384zs)
10,2(L£2g, 128




Table 12 Harmonics for rank 11.

No. multipole expression

V14586zyz(2° —3y?) (32 —y?) (152" +302°y* — 1602”2 +15y* — 160y 2> +2242*)

122 Qll(Auvl) 256
123 Q (A 2) z(693110+3465w3312—11550;1;8z2+69301'c‘y4—462001:5y2z2+36960w6z4+6930z4y6—6930014y4z2+1108801‘4y2z4—316801’426+34651‘2y8—462001:2y6z2+110880w2y4z4—633601:2y2z6+7040;1;2z8+693y10—11550y8z2+36960yﬁz4—31680;/4z6+7040y2z8—256z10)
11( A, - 256
V145862 (z—y) (z+y) (2 —dzy+y?) (2 +4zy+y?) (152" 4302 y* —1602° 2%+ 15y* —160y° 2% +2242")
124 Q11(A4,3) =15
V46189y 3.’1:2—y2 :L'2+y2—2022 3:1:6—27:n4y2+33:£2y4—y6
125 Qu(Bu,1) - ( X 512)( )
V/30030y (322 —y?) (2% +42°%y> —562° 22 462 y* —1682"y> 27 +3362" 2" +42%y° — 1682y 22467227y 2" — 4482225 +1° —56y° 2 +336y " 2" — 448?20 +1282")
126 Q11(By,2) =13
46189z (22 —3y?) (22 +y?—2022) (25 —33x*y2 +2722y* —3y°
127 Qu(Bu3) - ( ) 512)( )
V30030x (2 —3y?) (25 +42°y® —562° 2> 462 y* —1682"y*2* +3362" 2* +42°y° —1682°y* 2>+ 6720y 2* 4482720 +1® —56y° 2> +336y" 2" — 448y 20 +1282°)
128 Q11(By,4) =13
88179z (2'° —5528y% +3302°y* —46224 95 +16522y% —11y1°
129 Qui1(Eru, 1) ( 513 )
VB3179y (1120 —1652°y> +4622y* —3302*y O+ 552y —y'°
130 Qua(F,1) - o )
V364652 (2% —212%y? +3522y? — 7y ) (2?4222 y? —3622 2% +y* —36y2 2249621
131 Qu1,1(F1u,2) ( )(512 )
V36465y 7:1:6—35:l:4y2+21:x2y4—yG :1:4+2:1:2y2—36:1:222+y4—36y222+96z4
132 Qll,Q(Eth) ( )(512 )
3v143z (2" —1022y>+5y) (52°+152"y* — 240" 22 +152%y* — 48027y 22 +11202% 2* +5y° — 240y 22 +1120y 2* —8962°)
133 Quui(Bru,3) - 513
3v143y(52* — 1022y +y*) (52 +152%y® —2402* 22+ 152 y* — 48027y > 2%+ 11202 2* +5y° —240y* 2%+ 1120y 2* —8962° )
134 Qu2(F1u,3) 512
\/669:(2190“'+10518y271260z8z2+2109:“y47504015_1/2z2+8400ac(;z4+210z4y677560w4y422+2520014y2z471344Oz4z6+10512y8750409@2yﬁzz+2520012y4z472688012y2z“+5760z2zg+21y1”71260y822+8400y(iz4713440y4z6+5760y2z&7512zl())
135 Qll,l(Elu74) - 512
\/GGy(21x10+10518y2—12601822+21016y4—50401:6y222+84001624+2101:4y5—756014y4z2+2520014y224—134401426+10512y8—504012y622+2520012y4z4—2688012y2z6+57601228+21y10—1260y8z2+8400y624—13440y426+5760y228—5122]0)
136 Quia(FBru,4) - 513
V1939938ayz (2* —1022y? +5y*) (50t — 1022y +y*)
137 Qua(Baul) - o)
\/19399382(zfy)(z+y)(z4f4zay714zzy274zy3+y4)(zd+4zay714zzy2+4zy3+y4)
138 Qui2(F2u,1) 512
V692835xyz(z—y) (x+y) (22 +y? —622) (22 —2zy—y?) (22 +22y—y?
139 Qii1(Fa2w,2) - ( 32 X X )
V6928352 (22 +y? —622) (z* —da®y—622y* +day® +y? ) (z* +423y—622y? —dzy> +y*
140 Qu2(F2u,2) - ( I 556 I )
3v1001zyz(z—y)(z+y) (520 +150%y* —702% 2+ 1527 y* — 14027y > 2%+ 16822 2* +5y° — 70y * 2> +168y>2* —802°)
141 Qu1,1(F2u,3) 32
3\/1001z(a:272zy7yz)(124»211/7,1/2)(Szﬁ+15z41/277014z2+1512y47140z2y2z2+16812z4+5yf’7701/4z2+168y2z4780z6)
142 QII,Z(EQU,73) - 128
\/2145zyz(2118+8416y2—336x522+12614y4—100814y222+100814z4+84x2y6—100812y422+2016x2y224—7681226+21y8—336y6z2+1008y4z4—768y226+12828)
143 Qu11(Fau,4) 128
\/2145z(w7y)(:H»y)(21;1;8+84sz273361:6z2+1262:4y4710081'4:1;2,22+1008w4z4+84J:2y671008w2y422+2016a:2y2z47768w2z6+21y87336y6z2+1008y4z47768y2z6+128z8)
144 Qu12(F2u,4) 256




