PG No. 22 (3, 6 [hexagonal | (axial, internal axial quadrupole)

* Harmonics for rank 0
GE?lg)(A)

** gymmetry

1

** expression

VBGu (2% 4y — 227 N V15G, (z — 1) (z +y) N V15Gy 7y N V165G, 2z N V15Gy.yz
10 10 5 5 5
Harmonics for rank 1
GPVlg)(4)

** symmetry

*

z

** expression

mGuz \/%Gzzf \/%Gyzy
5 + 10 * 10

G [g)(A")

** symmetry

z

** expression

3v35G .2 (31‘2 +3y? — 222) N V105G, z (z —y) (x + y) N V105G zyz V105G ,.x (1‘2 +y? - 4z2) V105G, y (.’L’2 +y? - 4z2)
70 14 7 35 35

GV (E"), G [g)(E”)
** gymmetry

T

Y
** expression

_V10G,x N V30G,x N V30G,,y N V30G,.z
10 10 10 10

~V10G.y  V30G.y N V30G,yx N V30G,. 2
10 10 10 10

2(2,2 2(2,2
CEP Lol ("), G157 9)(E”)
** symmetry

xT

Y

** expression

3v35G.x (2% + 32 —422)  V105G,x (32% — Ty? —222)  V105G.yy (42% — y? — 22)  V105G,.2 (42% —y? — 22)  /105G,.xy>
) w0 i 70 * 35 - 35 - 7

3V35G.y (22 +y? —42%)  V105G,y (T2 — 3y +222)  V105G.yw (2 —4y® + 22)  V105G,.zyz  V105G,.z (2% — 4y® + 2?)
— + — s Jr —
70 70 35 7 35
Harmonics for rank 2
C5gl(A")

** symmetry

*

** expression

Gu

5" g)(A")

** gymmetry



** expression

V14G, (.1:2 +y? - 2z2) VA2G, (x —y) (x +y)  VA2G.rvy  VA2G..xz  V42G,.yz
14 B 14 B 7 Tt T

G&?[g)(4”)

** gymmetry

** expression

VI4G, (3z* + 62%y? — 240222 + 3y* — 249222 + 82%)  5VA2G, (z — y) (z +y) (22 + y? — 627)
56 168
B 5vV/42G 1y (:1:2 + y? — 62?) B 5vV42G, 2 (3x2 +3y? — 422) B 5V42G ., y» (3x2 +3y? — 422)

84 84 84
GH 2B, G2 [g)(E")

** gymmetry

V3yz

*\/ga:z

** expression
Gy
7Gzz

RO g)(E"), CE 19l (E)

** symmetry

V3yz

7\/§IZ

** expression

VA2G,yz  3VT4AG,yz  3V14G.,xz  3v14G,.xy  VI4AG,. (22% — y? — 2?)
14 14 14 * 14 - 14

 VA2Guxz 3VIAGuaz  3V1AG.yz  V14G. (¢ — 24 +2°)  3V14G,.ay

14 14 14 14 14

G g)(E"), B l9)(E)

** gymmetry

V3yz

—\/gxz

** expression

5vV42G yz (3z2 + 3y? — 422) N 5vV14G,yz (9:E2 — 5y + 222) 5V14G w2 (:132 —6y% + 22)

84 84 42
5vV14G .y (224 y* - 622) n V14Gy, (z4 — 32?y? — 32?27 — Ayt + 27y%2% — 424)
a 42 42

5v42G 2z (312 +3y? — 4z2) 514G 2z (5172 —9y? — 222) 5V14G,,yz (61’2 . 22)
84 84 42
n V14G,., (4x4 + 322y? — 272222 — y* + 3222 + 4z4) n 5V14Gy .y (x2 + y? — 622)
42 42

GCH (B, B 2 g)(E")

** gymmetry

V3(z -y (x+y)
2

By



** expression
GU
*Gzy

GO [gl(E"), G [gl(E")

** gymmetry

V3(z—y) (z+y)
2

3y

** expression

VA2G, (z —y) (z + 7) N V14G, (;v2 +y? - 2z2) n 314G, xz B BMGyzyz
14 14 14 14

VA2G Yy B VI4AG,y, (2% + 32 — 222) B 3V14G,.yz B 3V14G, a2
7 14 14 14

GCHl9l(E), G5 [g)(E”)

** symmetry

V3(z—y)(z+y)
2

—V3zy

** expression

5V42G, (z —y) (z + y) (22 + y* — 627) N VI4G, (192 — 1022292 — 122722 4+ 19y* — 129222 + 42*)

168 168
5VI4G yzy (x — y) (z + ) 5v14G a2 (5x? — 9y* — 22?) 5V14G,.y» (922 — 5y? + 22?)
* 12 + 84 + 84

5V42G,ay (22 + y* — 622)  5V14G,xy (x —y) (x + ) N V144G, (4ot — 272%y% + 32222 + 4yt + 3y?2% — 27)
84 12 42
5vV14G,.yz (61‘2 —y? - 22) 5V14G, xz (.7:2 — 6y? + 22)
- 42 * 42

* Harmonics for rank 3
G lg)(4)
** symmetry
z (31‘2 + 3y — 222)
2
** expression

\/EGuZ _ \/ngzl’ _ \/5Gyzy
5 5 5

G [g)(A")

** gymmetry

z (3x2 +3y% — 222)
2
** expression

B V15Gyz (33% + 3y? — 222) B VBGz (z —y) (z + )
15 2

VBEG.x (:1:2 +y? - 422) B V5Gy.y (z2 + 92— 422)
20 20

— VBGymyz —

GE[g)(A")

** symmetry

z (31‘2 + 3y — 222)
2

** expression

V330G, 2 (152 + 30a%y? — 402222 + 15y* — 40y%2% + 821)  7TV110G, 2 (z — y) (w + y) (z? + y* — 222)  TV110Gayz (a? + y? — 22%)

264 88 44
N V110G, .« (334 +222y% — 122222 + y* — 12222 + 824) . V110G, y (374 +22%y% — 122222 + y* — 129222 + 8z4)
44 44

3



G2 lglA” 1)
** gymmetry
\/ﬁy (Sx2 — yz)
4

** expression

\/§Gvy \/§qu$
2 T2

GV [g)(A”,2)

** symmetry

V10z (:L'2 - 3y2)
4

** expression
V2G,x  V2Gayy
2 2
=(2,0
G gl 1)
** symmetry

VIOy (32° — o)
4

** expression
5V6G.y (322 —y?)  V2G.y (1’2 +y? - 422) V2Guyx (22 +y? —42%)  5v2G,.ayz 5v2G,.2 (x —y) (z +y)
- + + + +
24 8 8 4 8
G lgl(A”,2)

** symmetry

V10z (xz — 3y2)
4

** expression

5vV6G @ (:Jc2 — 3y2) V2G,x (x2 +9? - 422) V2G.yy (1’2 +y? - 422) 5V2G.2(x —y) (x+y)  5V2G,.wyz
24 8 8 8 4
G2 g)(4”,1)
** gymmetry
V10y (3w2 — yz)
4

** expression

7V33G .y (3;1:2 - y2) (xz +y? - 822) . V11GLy (533:4 — 1042%y? — 62222 + 11y* — 63222 + 424)
264 88
v 11Gyx (53:4 — 53222 4 32222 4+ 26y* + 3y22% — 2z4) . V111G, xyz (73:2 — 5y — 222) 3 V111G, .z (x4 — 922y + 2222 + 2% — y2z2)

44 44 44
2(2,2
G5 gl(4",2)
** symmetry
V10z (I2 - 3y2)
4

** expression

7V33G,x (12 — 3y2) (IQ +y? - 822) n V11G,x (113v4 — 10422y? — 62222 + 53y* — 6222 + 4z4)
264 88
N VI11Gayy (262" — 5322y? + 32222 4 5y + 3y22% — 22%) N TVI1G,. 2 (227 — 922y? — 2222 + y* + y22?) N TG 3yz (522 — Ty? + 222)
44 44 44

G 20(E), G2 [g)(E")

** symmetry

V1bzyz

V162 (z —y) (x +y)
2

** expression

V3Guryz  V3G.y  V3G,.w
3 T3 T3




\/gG,UZ + \/gGsz _ \/gG.UZy
3 3 3

GO 9)(E), CCPlg)(E)

** gymmetry

V1bxyz

152 (z —y) (x + y)
2

** expression

V3Gayz (322 + 3y — 227) N V3Ga.y (322 — 2y + 32?) B V3Gy.x (222 — 3y* — 32%)
6 6 6

V3G, z (312 +3y? — 2z2) V3G (x2 —9y% + 622) \/gGyzy (9:):2 . 622)
+ +
6 12 12
=(2,2 =(2,2
GEPlgl(E"), G5 g)(E)

** symmetry

V1bxyz

V152 (z —y) (z +y)
2

** expression

3 21V22G xyz (332 +y? - 2z2) N 21V66G,zyz (x — y) (x + y) Y 66G 2 ((iac4 — 5122y 4 52222 4 6y* 4 5y?2? — 24)
44 44 66
V66G,.y (6x4 + 552y — 51x22% — y* + 5y22% + 6z4) n V666G, x (x4 — 522y? — 50222 — 6y* + 51y22% — 624)
66 66

2Ly 22G,z (z — y) (z +y) (2 + y* — 22?) N V66G,z (392% — 17422y? — 202222 + 39y — 209222 + 424) N 21V66Gyzyz (x — y) (x +y)
88 264 44
V66G,.x (5z* — 422y — 462222 — 9y* + 66y222 + 122%)  V66G,.y (97* + 42%y? — 662222 — by* + 46y222 — 122*)
132 132

GE2g)(B"), G [g)(E")

** symmetry

_\/6;1: (2% +y? — 42%)
4

V6y (3:2 +y? - 422)
4

** expression

V1I0Guz  V30G,z  v30G.yy N 2V30G,2
5 30 30 15

\/EGuy L \/%Gvy _ \/%G’zyx . ZmGyzz
5 30 30 15

G 9l (E”), G [g)(E”)

** symmetry

7\/61: (2% +y? — 42%)
4

Voy (22 + 32 — 422)
4

** expression

3V10G, @ (22 + 3% — 42%)  V30G,a (11a? — 9y — 2422)  V/30G,yy (2127 + y? — 2422)  V/30G,.2 (922 — 21y + 422)  /30G,.xy>
- 10 B 120 - 120 * 120 R

3\/EG“,y (acz + y2 — 422) \/%G,,,y (9.7:2 — lly2 + 2422) \/3706'”.7: (.752 + 213/2 — 2422) n V30G ., xyz \/%Gyzz (211’2 — 9y2 — 422)
40 120 120 4 120

G [g)(E"), G5 [gl(E)

ot



** symmetry

_\/é:(: (x2 +qy? - 422)
4

V6y (2% +y? — 42%)
4

** expression

3v55G, @ (ot + 22%y* — 122727 + y* — 129222 + 821)  V165G,x (53* — 42?y? — 462227 — 9y* + 66y22 + 122*)

88 264
V165G, (62" + ba?y? — 512222 — y* + 5y%2% + 624)
132
V165G ;.2 (18:['4 + 152292 — 412222 — 3y* + 9222 + 4z4) V165G, vy (x2 +y? - 222)
132 44

3V55GLYy (I4 + 22292 — 122222 + y* — 129222 + 824) V165G, y (9334 +4a?y? — 662222 — 5yt + 46y%2% — 1224)

88 264
N V165G, x (x4 — 522y — 52222 — 6y* + 51y%2% — 624) V165G, xyz (.752 +y? - 222)
132 44
N V165G, 2 (3.754 — 152292 — 2222 — 18yt + 41y%2% — 424)
132

* Harmonics for rank 4
2(2,-2
CF g4, 1)
** gymmetry
V70xz (.T2 — 3y2)
4
** expression

\/gG’UIZ _ \/ngyUZ + \/ngz (I - 7/) (‘T + 7/) _ \/EGUZCUU
2 2 4 2

=(2,-2
GP2lglA'2)
** symmetry
V70yz (3{E2 - y2)
4
** expression

V3Guyz  V3Gauyrz  V3Gary V3G (x—y) (z+y)
2 + 2 * 2 + 4

(2,0
G glAr, )
** gymmetry

70z (1‘2 — 3y2)
4

** expression

V226G x= (x2 — 33/2) 3v66G,z~ (33:2 +3y2 — 422) 3\/6760wyyz (3x2 +3y% — 4z2)
- + —
88 88 38
N V66G,. (z* — 212%y? + 152222 + 6y* — 15y%22) N V66G .y (1922 — 9y — 3022)
88 88

=(2,0
GOl (4,2)
** symmetry
VT0yz (3:E2 - y2)
4

** expression

TV22G,yz (32% — y?)  3v66G,yz (322 + 3y? — 42%)  3V66G., 3z (322 + 3y — 42?)
- + +
88 88 88
N V66G.zy (922 — 19y® + 302%)  V66G,. (62" — 212%y? — 152%2% + y* + 15y22)
88 88

G2 glAr, 1)
** gymmetry

V70z2 (372 — 3y2)
4



** expression

9v2002G ,z 2 (.772 — 3y2) (3362 +3y? — 8z2) N V6006G,zz (19.774 — 16022y? — 102222 + 85y* — 10y%22 + 4z4)

1144 1144
4_\/6006G,wyz(40x4,85x2y2+5a:2z2+7y4+5y222l2z4)
572
v/6006G ., (2:1:6 — Taty? — 232422 — 822yt + 90229222 4 82221 4+ ¢f — Tyt2? — 8y224)
572
V60066, .y (55(:4 —22%y? — 442222 — Ty* 4 T6y%2% — 1624)
572

G g)(A,2)

** symmetry

V70yz (35(:2 - yz)
4

** expression

9v/2002G ,yz (3:{:2 - yz) (3:{:2 +3y? — 822) n V6006G,yz (853:4 —16022y? — 102222 + 19y* — 10y%22 + 4z4)

1144 1144
V6006G ,yx2 (7ot — 85a2y? + 52222 4 40y* + by?22 — 22%)  V6006G,.xy (T2* + 222y? — 762222 — 5y* + 44y?22 + 162*)
572 572
N V60066, (326 — 8aty? — Tat2? — 7oyt + 9022y? 2% — 822t + 290 — 23y12? + 8y224)
572

GV [gl(A")

** symmetry

Bty

3 4
3 1 32227 + % —3y222 4 24

** expression

_%ﬁm“ﬁ+ﬁ—%ﬂ+Mﬂ%ﬂ@7w@+w+V%ﬂww_%ﬂwQﬂw_%mm%wz

70 140 70 35 35
G lg)(A”)
** gymmetry
3; 4 3 2,2 3 4
%+%73$2z2+% —3y2? 4 4

** expression

V385G, (3z* + 6x%y? — 242222 + 3yt — 24y%2% + 82%) N V155G, (z — y) (z + y) (22 + y* — 62?)

308 308
N 3V 1155G .y xy (;v2 +y? - 6z2) V1155G, . x2 (31‘2 +3y? — 4z2) V1155Gy,yz (3$2 +3y? — 4z2)
154 ; 308 - 308

GE?[g)(A”)

** symmetry

34 322 34
% 73642/ —3x2z2+% —3y2z2+24

** expression

3VTI5G, (5a® + 15x%y? — 902422 + 1522y* — 180229222 + 120222 + 5yb — 90y*2? + 120y%2* — 162°)

2288
TV2145G, (z — y) (x + y) (2 + 222y® — 162222 + y* — 16y%2% +162*)  7TV2145G, vy (v + 222y* — 162222 + y* — 16y%2% 4 162*)
+ +
2288 1144
+%&M%@m®ﬁ+mﬁf—%ﬁﬁ+®kﬁwW+&ﬂ+%QM%@W®ﬁ+mﬁf—%ﬁ£+wkﬂw%ﬂﬂﬁ
1144 1144

GE 9B, GL5g)(E)
** symmetry

V10yz (3.1:2 + 3y — 422)
B 4

V10zz (31’2 + 3y2 — 422)
4

** expression

3VTGwz  V21G,yz \/ﬁG,Ey.rz V21G,.zy \/ﬁGyz ((L’2 +3y? — 422)
7 T T 14 a 14 h 28

7



3VTGuzz  V21G,zz \/ﬁGwyz V21G,. (3x2+y2*4z2) \/ﬁway
7 T T f 28 T

GO [g)(E"), GE lg)(E)

** symmetry

3 V10yz (32 + 3y? — 422)
4

V10zz (312 +3y% — 422)
4

** expression

17V154Gyz (32% + 3y? — 422) V462G, yz (332% — 5ly? 4+ 4022)  V462G,yxz (922 + 93y? — 4022)

616 616 616
9V462G ;Y (172 +y? - 622) N V462G, (6.174 + 322y? — 392222 — 3yt + 15y222 + 424)
B 616 616

17V154G a7 (322 + 3y* — 427) N V462G, xz (51a% — 33y* — 4027%) N VA62Gyyz (9322 + 9y? — 4022)
616 616 616
N V462G, (3z* — 3a?y? — 152222 — 6y* + 39y%22 — 42*) N 9V462G . xy (2 + y* — 62%)
616 616

G g)(E), CLPl9)(E)
** gymmetry

B V10yz (3962 + 3y — 422)
4

V10zz (322 + 3y? — 42?)
4

** expression

21v286G,yz (5:64 +1022y% — 202222 + 5y* — 209222 + 8z4) TV 858G, yz (11x4 +4a2y? — 262222 — Tyt + 22y%2% — 424)

1144 1144
N 7V/858G,yxz (xf — Tay? — 222 — 8y + 23y%2% — 22%) N 7V/868G . wy (a* + 2x%y? — 162727 + y* — 16y222 + 162%)
572 572
V858G, (a0 — 4aty? — 11227 — 112?y* + 902%y?2? — 42?2* — 6y° + 101y*2% — 116y%2* + 82°)
572

21v/286G,xz (527 + 1022y? — 202222 + 5y* — 20y°22 + 824)

1144
N 7V858G, 2 (7x4 —42?y? — 222722 — 11y* + 26y°2% + 42%) N V858G, yz (82" + Ta?y? — 232222 — y* + y22% + 224)
1144 572
V858G, (6:c6 + 11aty? — 1012422 + 4a?y? — 90229222 + 116222 — ¢ + 11y*22% + 49?2 — 826)
572
7V 858G . xy (:c4 +22%y? — 162222 + y* — 169222 + 1624)
572

G2 gl(B", 1), 6% [g)(E", 1)
** gymmetry

V35 (1’2 — 22y — yz) (1’2 + 22y — y2)
8

V3bay (z —y) (z +y)
2

** expression

\/éGv ('T — y) (x + 1/) _ \/éGzny
4 2

\/6G/uxy + \/EG.'IVU (’L’ — y) (l‘ + y)
2 4

G372l 2), €% [g(E",2)

** gymmetry

VB(x—y) (z+y) (¢¥ +y* - 627)
1




NG (x2 +y? - 622)
2

** expression

3VIHG, (x —y) (x+y)  VA2G, (2 +y* —22°) N VA2G,. w2 VA2Gy.yz
28 28 7 7

_3V14G,y N VA2G,y, (2% + y? — 22%) _ VA2Gayz  VA2Gy.az
14 28 7 7

GHO9)(E", 1), GV L9l (B, 1)

** gymmetry

V35 (.7:2 — 2zy — y2) (.1:2 + 22y — y2)
8

V3bay (z —y) (z +y)
2

** expression

77\/HG’U (22 — 2zy — y?) (22 + 22y — y?) N V33G, (z —y) (z +y) (22 + y* — 627)

44 44
V33Gayay (22 + 42 — 62%)  TV33Ga.xz (2% — 3y?)  7V33G,.yz (32% — y?)
B 22 + 44 B 44

TVIG,ay (x —y) (x +y)  V33Gay (v +y° — 622)
a 11 * 22
V33Gay (x —y) (z +y) (wZ +9? - 6z2) 7V33G,.yz (3:1:2 - y2) 7V33Gy.xz (2% — 3y?)
+ +
44 44 44
Gl (B, 2), GL gl 2)

** gymmetry

7\/5(:r—y)(x+y) (22 +y* — 62%)
4

+

Vhay (mQ +y? - 622)
2

** expression

VTG, (z —y) (z +y) (22 + 92 — 622) V231G, (2z* — 322y — 92222 + 2y* — 99?22 + 324)
77 B 77
_ V231G yzy (z — y) (z + ) . V231G, xz (222 — 33y? + 92%) n V231G,.yz (3322 — 2y% — 92?)
22 154 154

201G xy (x2 +y? - 622) n V231Gyzy (z —y) (z+y) L V231G, (m4 + 302%y% — 362222 4+ y* — 36y%2% + 12z4)

7 22 308
V231G,.yz (39m2 —31y% + 18z2) V231G, xz (Z’)lw2 —39y% — 1822)
a 308 * 308

=(2,2 =(2,2
GPP (", 1), %P lg)(B”, 1)
** symmetry

V35 (:1:2 —2zy — yz) ($2 + 22y — y2)
8

V/35zy (z—y)(z+y)
2

** expression

9v1001G,, (22 + y* — 102%) (2% — 2zy — y?) (2* + 22y — y?) N V3003G, (z — y) (z +y) (172" — 2302%y? — 82222 + 17y — 8y?2? + 8z*)

2288 2288
N V3003G,yzy (492" — 1662%y? + 82222 + 49y* + 8y?2? — 8z*)
1144
n 3v3003G, xz (7x4 — 58z2y? — 42222 4+ 23yt + 12y2z2) N 3v3003G,.yz (23.7)4 — 58z2y? 4+ 122222 + Tyt — 4y222)
1144 1144

9v1001G 2y (z — y) (x + y) (z? + y* — 102?) N V3003G,wy (252 — 822%y? — da?2? + 25y — 4y?2? + 42%)

572 572
V3003Gay (z — y) (z +y) (20* — 2922y + 2222 + 2yt + 3222 — 27)
B 286
+_3V3003G@Zyz(8x44—13m2y2——3x2z247y447y2z2)__ 3v3003G .2z (24 — 13x2y? + 2222 + 8y* — 3y?2?)
286 286

9



32 9)(E",2), G lg)(E",2)

** gymmetry

VB (z—y) (@ +y) (2° +y° - 62°)
1

Vhay (wz +y? - 622)
2

** expression

21V143G, (z — y) (z + y) (z* + 22%y? — 162222 + y* — 16y%2% + 162*)

1144
V429G, (132° — 452y — 1502722 — 4522y + 5402%y?2? + 602221 + 13y5 — 150y%2% + 60y>2* — 829)
1144
21V429G yay (x — y) (x +y) (22 + 9 — 102%)  TV429G,.wz (Ta* — 4a?y? — 222727 — 11y* + 26y%2% + 42*)
572 572
V429G, yz (111‘4 +4a?y? — 262222 — Tyt + 22y%2% — 424)
B 572

21V143G vy (a* + 22%y* — 162222 + y* — 16y°22 + 16z4) N 21V4A29Gzy (z — y) (z +y) (22 + y* — 1022)

572 572
V429G, (228 — 152492 — 152422 — 1522y* + 1802%y%22 — 152224 + 25 — 159%22 — 15y22* + 226
y
286
N V429G, yz (81’4 + Tx?y? — 232222 — y* + 22 + 224) V429G a2 (:L'4 — T2%y? — 2222 — 8yt + 239222 — 224)
286 286
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