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Table 1 Harmonics for rank 0.

No. multipole expression

1 Qo(A) 1

Table 2 Harmonics for rank 1.

No. multipole expression
2 Q1,1(T) T
3 Qua2(T) y
4 Qus(T) =

Table 3 Harmonics for rank 2.

No. multipole expression

ﬁ(,é,%ﬁq ﬁi(z—g)(rﬂ))

5 Qua(EW) :
6 Quu(pw) LLEoEeR o)
7 Q2,1 (T) V3yz
8 Qoa(T)  V3az
9 Q2,3(T) V3zy

Table 4 Harmonics for rank 3.

No. multipole expression

10 Qs(A) V15zyz

11 Qs.(T,1) ;
12 Qun(T,1) M)
13 Qss(T,1) ,%
14 Quq(T,2) YISz
15 Quu(T,2) —¥ioule—2)(ets)
16 Qss(T,2) Yty




Table 5 Harmonics for rank 4.

No. multipole expression
17 Qua) )
\/5( \@Z(z—y)(m+u‘i(zz+u2—6z2) - ‘/ﬁ(”4*1212v2+61f2z2+y4+6y2z2,214)>
18 Quu(E™) i
\/5(7 ﬁi(«rfy)(mw;(z?w?fez"’) _ \/ﬁ(m4—1212y2+6112222+y4+6y222—224))
19 Q41(EM) i
20 Q4q(T,1) w
21 Qupo(T)1) 7M
22 Qu3(T,1) w
23 Quu(T,2) Ywlrovd)
24 Quy(Tz) VIl ores)
2% Quala) _YEUEe)

2

Table 6 Harmonics for rank 5.

No. multipole expression
ﬁ(smwz%—y)(rw)Jrmww(ﬁ;ﬂkzz?))

26 Qs1(E@) )
\/§<Wﬁwz<:§—y><x+y> _ Vﬁwyz(zjwkzz?))

27 Q51 (E®) _

28 Qs.(T,1) 1(814,40z2y2,4ozzzz+15y4+30y222+1524)

29 Q52(T,1) y(15m4_40‘”2"J2+30-”2;2+8y4 —40y%2%+152%)

30 (@5’3(T7 1) z(1514+3012y2,4012;2+15y4,40yzzz+sz4)

31 Q5.1(7,2) 3‘/%”(742—292—;2)(y2+2y2—22)

32 Q52(T,2) 3\/@1/(12—2”7;2)(z2+2xz7z2)

33 Qss(T,2) W@(zzf?zy—gf) (e +22y—4%)

34 Q5.4(T,3) m‘%(y”)(ytf)(”’?*y?*zz)

35 Qs.(T,3) mﬂ/(zfz)(zzz)(ztzyuf)

36 Qs53(T,3) — mz(m_y)(ﬂf‘zy)(:n2+y2—222)




Table 7 Harmonics for rank 6.

No. multipole expression
37 Q (A 1) \/5(21’671511:4y27151'422715w2y4+180$2y2z2715a:2z4+2y6—15y4z2715y2z4+2z6)
6 ) 8
2310(x—y)(z+y)(z—=2)(xz+2)(y—2) (y+=
38 Qu(A,2) —YENEonEh)G o)t bos) )
\/§<\/Ei(:p—y)(l‘#»:l;)(E47912y2—51222+y4—5y222+524) m(zﬁ—l5m4z2+15z2z4+’y6715y422+15y224—226))
a _
39 QGJ(E(G)) 2
\/§< \/ﬂl(;n—y)(m+y)(m4—9m2y2—5;;;2z2+y4—5y222+524) \/ﬁ(m("—151422+15m2z4+y(*—15y422+15y2:4—2;‘5)
_ d _
40 Qg1 (E™) 2
3\ﬁyz(yfz)(y+z)(101'27y2—22)
41 Qsq(T,1) 1
3\ﬁzz(zfz)(z+z)(12710y2+22)
42 Q2(T,1)
s 4
3\ﬁ;ny(.17—y)(:l>+y)(:1>2+y2—1022)
43 Qes3(T,1) — 1
- 2 5 2\(9,2_ 2
44 Q(j I(T 2) \/4b2yz(y —3z )(dy —z )
’ ’ 16
2 2 2_ 2
45 @62(T 2) 462:62(x —3z )(3x —2z )
’ ’ 16
- 2 2 2_ 2
46 @63(T 2) \/462xy(x —3y )(31 -y )
y ’ 16
\/210yz(1614716123,/27161222+y4+2y2z2+z4)
47 Q6,1(7),3)
’ ) 16
\/210J:z(a:4716w2y2+2w2z2+16y4716y222+z4)
48  Qg2(T,3)
> 16
\/2101y(z4+212y271612z2+y4716y2z2+1624)
49 Qg3(T,3) 5
Table 8 Harmonics for rank 7.
No. multipole expression
\/911y2(31475121/2751222+3y475y222+3z4)
50 Qi(A) :
\/5( \/231myz(m*?/)(i‘i»y)(3z2+3y2—1022) \/ﬁnﬂy:(Sm‘l—20m2y2+101222+3y4+10y222—624)
- 1 - T
51 Qg (E@W)
ﬁ( \/ﬁzgz(x—y)(n;Jrg)(:;12+:;y2—mzz) \/ﬁmgz(:m“—2nm2y2+um2z2+:1y4+1ny222—6z
- +
1 1
(b)
52 Q7 (EW™) 5
w(16w671683343127168:1:4z2+210w2y4+420w2y2z2+210w2z4735y67105y4z27105y2z4735z6)
53 Qr1(T,1) 16
y(352°—2102"y* +1052" 22 +1682°y* —4200%y? 2> +1052 21 —16y°+168y " 22— 210y 2" +352°)
54 Qr(71) - 6
z(35m6+105m4y2—2101422+105:1>2y4—42012y222+1681224+35y6—210y422+168y224—1626)
55 Qra(T,1) — -
2311(101273y273z2)(y272yzfz2)(y2+2yzfzz)
56 Q771(T7 2) 16
\/231y(22—2xz—22)(12+212—22)(312—10y2+322)
57 Qr2(7,2) - 16
\/231z(w272zy7y2)(z2+29:1/7y2)(3z2+3y2710z2)
58  Q73(T,2) - — — :
s 16
\/GOOGI(yfz)(yﬂ»z)(y274yz+22)(y2+4yz+22)
59  Qr.(T,3) D)
\/6006y(1:7z)(a:+z)(1’274wz+z2)(:L'2+4:1:z+z2)
60 Qra2(T,3) -
’ 32
\/60062(zfy)(z+y)(zzf4zy+y2)(12+4zy+y2)
61 Qr3(T,3) : -
B3 32
\/4Zm(y—z)(y+z)(48.r4—80;102y2—8030222+15y4+30y222+1524)
62 Qra(T,4) -
\/421/(172)(z+z)(151478Oz2y2+3012z2+48y4780y2z2+15z4)
63  Qr2(T7,4) —— -
s 32
\/422(z—y)(z+y)(1514+30z2y2—801222+15y4—80y222+4824)
64 Q773(T7 4) 32




Table 9 Harmonics for rank 8.

No.

multipole

expression

\/33(18 714:563/2 71416z2+3514y4+35z4z4 714123/67 141226+y8 - 1434622#»353/424 - 14y225+zs)

Qs(A)

8
\/5( w/8581(z*1¥)(1+y)(a¢2+y2—14;2)(x2—4ry+y2)(12+4a‘y+y2) 1/286(1‘8—14161,/2—14z622+210z4y222—143823/61»210123/4:2—420123/2:41»‘2812z6+y8—14y6z2+28y2z6—228)
- +
64 64
(a)
Qs,1 (£, 1) 3
\/§< 3x/7(]'r,(:r,7y)(;l,+y)(:l'6+3'l:4yQ730:1:422+31:2y47601:2y222+80:r,224+y6730y422+80y224732z6) \/210(;,:8—62.1,51,2+341,-6z2+160;r4y4—30:.-,4y222—80.1,424—62;,.-2yﬁ—:xo:r,zy422+60n,2y2z4+28r2z6+y8+34y6z2—s()y4z4+25y225—223)
- +
64 64
Qs,1(E®,2)
V3 ~/858i(z*y)(1+y)(12+y271422)(12—4¢y+y2)(12+4¢y+y2)+\/286(18—141'6142—141622+210w4y2z2—1412y6+21012y4z2—42012y2z4+25x2z6+y8—14y6z2+28y226—2zs)
64 61
b
Qs (E®,1) 3

64 64
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\/5(3\/70i(z*y)(r+y)(zs+3aﬂ4y2—3014z2+3m2y4—6012y222+8012z4+y6—30y422+80y224—32z6) \/210(18—62T6y2+34m622+16014y4 —3024y222 —801424—62123;6—30121/422+6012y2z4+28m226+y8+34y622—803/4244»28]/226—2:8)
+

3VT15yz(y—=z)(y+z) (y2 72yzfz2) (y2+2y2722)

16
3VT15xz(x—2)(x+z) (12 —2:172—22) (.1:2+2.rz—22)
- 16
3V715zy(z—y)(z+y) (zz —2zy—y*? ) (zz+2zyfy2)
16
3VTTyz(y—=z)(y+2) (40x4 —24x2%y? 242222 +y4+2y222+z4)
16
3VTTzz(x—2)(x+2) (w472412y2+2z2z2+40y4 724_1/2z2+z4)
- 16
3VTTay(z—y) (o+y) (v 4+227y% — 242222 4! —24y %22 4+402*)
16
V/858yz (y2 7322) (3y2 —2? )(14:L'2 7y2 7z2)
32
85812(12 —322 ) (312 722) (12 714y2+22)
32
vV 858:63/(:62 —3y2) (3.1:2 —yz) (.1:2+y2 — 1422)
N 32
3V 70yz(32z(j 78014y2 —80x% 22 4+302%y* 46022 y? 22 +3022 21 —y° 73y4z2 —3y2z* 726)

32

3V 7012(16 —30xty? +324 22 48022 y* —6022y? 22 + 322 2% —32y54-80y* 22 —30y224+26)

32

3V 70wy(x6+3w4_1/2 730m4Z2+3:r,2y476012y2z2+8012z4+y6 7301/4z2+80yzz4 732z6)

32




Table 10 Harmonics for rank 9.

No. multipole expression

]2 QQ(A7 1) _ \/5105101yz(z7y)(z+yg(zfz)(z+z)(yfz)(y+z)

\/330xyz(616—21.’r4y2—21x4z2—21m2y4+140.7:2y222—211224+6y6—21y4z2 —21y224+626)

83 QQ(A7 2)
\/§<\/42903:_1/:(1‘*y)(ﬁ+y)(3:c4—lla:2y2—71222+3y4—7y2z2+7:4)+3\/14301myz(m6—714z2+7¢2z4+y6—7y4:2+7y2z4—226)>
B 8
84 Qo1 (E@) 2
\/5<\/4290Tyz(rv—y)(w+y)(314—11T2y2—7m2z2+3y4—7y222+7z4) 3\/1430imy2(m6—71’422+712z4+y6—7y422+7y2z4—226))
B - B
85  Qoq(E®) 3
86 Qo (T} 1) z(1282° —23042°%y> —23042° 2> 46048z y* +120962" y* 2° +6048z 2* —33602°y° — 100802y 2> —100802° y° 2* —33602° 20 +315y° +1260y° 2° +1890y* 2* +1260y° 2° +3152%)
9,1 ) 128
87 Qo.2(T) 1) y(3152° —33602%y%+12602° 2% +6048z* y* — 100802y 22 +1890x* 2* —230427y+120962°y* 2> — 100802y 2* +12602” 26 +128y® — 2304y 2> +-6048y* 2* —3360y>2°+3152")
9,2 ) 128
88 Qos(T, 1) 2(8152°+12602°y> —33602° 22 +1890z" y* —10080z" y* 2% +6048x* 2* +12602°y° — 100802y 22 +120963°y 2* — 23042>2°+315y® —3360y° 2>+ 6048y 2* —2304y° 2°+1282°)
s ) 128
3V12155x y4—4y3z—6y222+4y23+z4 y4+4y32—6y222—4y23+z4
89 Qo.(T)2) ( s ) )
3v12155y(at —4x® 2 —622 2244wz 424 (et +42® 2 — 62222 —4x2® 42
90 @9,2(T7 2) ( 128 )( )
3\/121552(147413y7612y2+4zy3+y4)(14+4zsy76zzy274zy3+y4)
91  Qo3(T,2) 58
3v5005z y272yz7z2 y2+2yzfz2 8zt —822y? —8x2 22 4yt 429222 424
992 Qg,l(T, 3) ( )( gg Y Y Y )
3v5005y (2% —2z2—22) (2?4222 —22) (2* —8z%y? 4222 2% + 8y* —8y? 2% 427
93 Qoa(7)3) ( X X V)
3\/50052(:z2—2:cy—y2)(;z2+21:y—y2)(304+2:t2y2—8:t222+y4—8y222+8z4)
94 Qo3(T,3)
s ) 64
42902 (y—2) (y+2) (1422 —3y% —322) (y® —dyz+2?) (2 +4yz+22
05 Qoi(T.4) Y ( - ) ) )
4290y(z—z)(z+2 12—4zz+22 12+4zz+z2 322-14 2+3z2
06 Qoo(T,4) VEZu—ra)( 62( ) y?+327)
4290z (z—y) (z+y) (2? —day+y?) (2?2 +4zy+y?) (302 4+3y% —1422
07 Qos(T.4) Y ( 62( X )
08 Q (T 5) 3 1101(y7z)(y+z)(32167112143/271121422+7012y4+14012y2z2+70122477y6721y422721y2z477z6)
9,1 3 64
3110y (z—2) (x+2) (728 —70x*y? +212* 22+ 11222 y* — 14022y 2 22 42122 2% —32y0 +112¢* 22 — 70y 2 24 4726
99 Qoa(T,5) -
T 3\/1102(171/)(z+y)(7zs+2114y27701422+2112y47140z2y2z2+1121224+7ys770y4z2+112y22473226)
100 Qos(T,5) — -




Table 11 Harmonics for rank 10.

No multipole expression
101 Quo(A, 1) V390(2210 —452%y? —452° 22 +422%y* + 100828y % 2% +4225 21 +420y© — 12602 y* 2% —12602% y* 2% +422* 26— 45275+ 10082y % 2% — 12602y 21 +10082°y? 26 — 4527 25+ 2y 10 —45y5 22 +-42y5 21 442y 20 — 45y 2542210)
10 ’ 96
102 @ (A 2) \/27170(w7y)(x+y)(;l;fz)(:L'+z)(yfz)(y+z)(3w4711w2y2711x2z2+3y4711y2z2+3z4)
10 ) - 32
\/5( V1400634 (z—y) (z+y) (223:8 —65320y2 3152622 4260224 y? — 94504 y222 4157524 24 — 653220 — 945224122 13150222 2% — 16802220 +22y8 —315y6 22 +1575y% 2% — 168042 z6+360zx) ‘/420159(22;1:“’+/15;,,8 y2 10352522 1052041 —63026y2 22449352624 — 10524 y0 + 315021 y422 — 157524 y2 24 — 483024120 +4522y8 —63002y022 — 157522 y1 24 +126022
11984 - 35952
103 Quo1(E@,1) 5
\/5( VI071070i(z —y) (z+y) (918 — 1652692 2312622 252454 13801249222 4+4062% 24— 1652290 +380122y%22 9674224224 12662226 +9y8 —231y622 +406y%2% 42669226 757,:5) «/3213210(3&0 — 962892 392822122426y 11344265222 422624 12242446 67202444221 33602%y22% 1822426 06228 +13442296 221336022y 2% 2688229226 113547
23068 - 23068
104 Qo1 (E@,2) 5
\/5( V/140063i (x—y) (z+y) (221-8 —6532042 -3152022 4260224 y4 — 945249222 1157524 24 6532290 —94522y%22 1315022 y2 24 — 16802226 42248 —315¢022 415759424 — 1680y2z6+36028) V420 189(221- 10 4 452852 —10352822 - 1052044 —63026 5222 +493526 24 — 1052490 +315024y4 22 — 15752492 24 — 48302420 + 452298 —63022y0 22 — 157522 y4 24 + 126022
- 11984 - 35952
105  Qi01(EM™,1) 5
\/5( V10710700 (z —y) (z+vy) (918 —1652%y2 —2312622 —252%y4 1380124 y222 14062424 — 1652240+ 380122 y% 22 — 96742242 24 +26622 26 + 948 — 2319622 +406y% 2% + 26692 20 —57z8) \/3213210(311" —9628y2 —392822 422400 y% 41344264222 4226224 2242%y0 _ 672022 y2 224336022 y22% — 1822426 9622 y8 £ 1344020221 336022y% 2% — 2688222204135
- 23968 - 23968
106 Qi01(E®,2) 5
V12155yz(y—2) (y+2) (1822 —y2 —22) (y? —2yz—22) (y? +2yz—22
107 Quo,(T,1) ( 32 X X )
108 Q102(T 1) \/121551z(zfz)<z+z)(zz718y2+22)(127212722)(Iz+212722)
s ’ 32
V12155zy(z—y)(z+y) (.1:2+y2 —1822 ) (12 —2zy—y? ) (12 +2;ry—y2)
109 Quos(T.1)  — -
110 Q (T 2) \/2145yz(y72)(11+z)(112z67168x4y2—1681422+4212y4+8412y2z2+42z2z47y“73y4z273y2z47z£’)
10,1 ) 32
V2145zz(x—2z)(z+2) (ze —42z%y? 4322 2% +168x2y* — 8422y 2%+ 32224 —112y° +168y* 22 —42y224+26)
11 Qu02(T,2) =
112 T9 \/21451'_1/(567_1/)(1:+y)(1:6+3w4_1/2—421:4z2+3:r2y4784;l;2g/2z2+168w2z4+.116742y4z2+168yzz4—112z6)
@10,3( ) ) - 32
V92378yz(y* —10y% 224524 (5y* —10y2 2%+ 24
113 Qq0.1(T),3) ( 356 I )
V92378wz (2" — 102222 4+52* ) (52* — 102222 4+2%)
114 Qu02(T,3) -
V92378xy (2! —102y+5y* ) (52 — 102y +¢*)
115 Qq0,3(T,3) 556
VA290yz(y? —327) (3y> —2?) (224" —962”y* —962° 2% +3y* +6y> 2> +32*)
116 Q10,1(T,4)
B 256
17 Quo.5(T, 4) VA290zz (2% —327) (32% —2%) (3a* — 962>y +62° 2% +224y* —96y°2° +32*)
10,2 ) 256
VA290zy (2% —3y?) (3% —y?) (3x* +627y> —962° 2> +3y* —96y° 2° +2242*)
118 Qio,3(7,4) 256
1 T V165yz(3842° —17922%y% —17922° 2 416802 y* +3360ay 22 +1680a 2* —33627y° — 100822 y* 22 — 100822y 2* —3362% 20+ Ty® +28y° 2% +42y* 2% + 28y % 20+ 72")
9 Quo,u(T,5) 28
16522 (725 —3362%y° +282° 2% +1680z" y* —1008z" y* 2° +422 2* —17922%y° +33602°y* 2> — 100827y 2" +282° 20 +384y° — 1792y ° 2° +1680y* 2* —336y° 20 +72°)
120 Quo2(T,5) o
V165ay (725 +2825y —3362° 2% +422% y* 10082 y? 22 416802 2* +2827 % — 100822y * 22 +33602y? 2* — 17920 26 +7y® —336y° 2% +1680y* 2* — 1792y 20 +3842%)
121 Quos(T5) 128




Table 12 Harmonics for rank 11.

No. multipole expression
199 Q (A) \/24311yz(51873016,1/273016z2+63z4y4+6314z4730121/573012»264»5;/8730y522+63y4z4730y226+5z8)
11 g
\/§< V692835zyz(x—y) (z+y) (z2+y2 75z2) (:c2 —2.13/—3/2) (:82+2.1,y7y2) V/230945izy = (cCB —620y2 62022 142245222 62290 142229422 84224224 11222206448 64022 412y2.6 72z5) )
- 32 - 32
123 Qq1,1(E@, 1) 2
\/5( 310012y z(z—y) (z+y) (51£’+1514y2 — 7024224152294 —14022y222 41682224 4546 —70y4z2+168y2z4—80z6) \/3(!!!311yz(51‘8 —15028y2 4902622433624y — 70249222 - 1682224 — 15022y —7022y% 2241402292 2% +6022 26 +5y8 49040 22 —168y% 2% +60y226 — 1(|z8) >
- 32 - 32
124 Qu,l(E(a'),Q) 5
\/5< V6928352 yz(z—y) (z+y) (1‘2+y2 —6;2) (1‘2 —2:::3/—3/2) (1‘21»2:1:3/—3/2) N V/230945izy = (15 — 62692 62622 +422%9222 62290 142229422 84229224 4122226498 69022412426 —2;8) )
- 32 32
125 Qi1 (EM,1)
2
\/§< 3vI001zyz(z—y)(z+y) (51:5+15;.:4y2 —700122 41522 y% 14002 y2 22 41682224 4540 —70y2 22 +168y2 24 —sozf") 4 V/3003izyz (5.1,8 —15020y2 4902622433621 y1 — 7004 y222 — 1682224 — 150220 —7022y222+14022y2 22 +6022 26 1548 4904022 —168y2 2% +60y2 26 —mzs) )
- 32 32
126 Qui1(E™,2) >
127 Q (T 1) z(25611077040x8y2770401822+3168016y4+63360x6y2z2+3168015’z4736960904_1/671108800041/‘%2711088014y2z473696014z6+115507:2yg+46200x2_1/6z2+6930012y4z4+46200m2y2z6+1155012z876931/1073465y8z276930y6z476930y4z“73465y2z87693z1”)
11,14, 256
128 Q (T 1) y(693zlo—1155018y2+34651822+3696016y4—4620016y222+693016z4—3168014y6+11088014y422—6930014y2z4+69301426+704012y8—6336012y6z2+11088012y424—4620012y2z6+34651228—256yw+7040y822—31680y624+36960y426—11550y228+6932w)
11,2(4, - 256
129 Q (T 1) z(693(1:m+3465a:8y2711550m5z2+6930w6y47462001'6@12z2+36960:1:624+6930a:4y6769300w4y4z2+1108801’411224731680w4z6+3465w2y8746200x2y6z2+110880<c2y4z4763360x2y2z6+7040a:2z8+693ym711550ygz2+36960y6z4731680y4z6+7040y2287256210)
11,3(4, - 256
\/6928351(612 —y? 7z2) (y4 74y:5276y222+4y23+24) (U4+4y3276y222 74y23+z4)
130 Q111(7,2) : : - -
, 256
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