PG No. 27 Dg, 6/mmm | hexagonal | (axial, internal axial quadrupole)

* Harmonics for rank 0
=(2,2
G 9] (Ar)

** symmetry

1

** expression

V5@, (a;Q +y? - 2z2) V15G, (z — ) (z +y) \/ﬁGzyaty V156G, xz \/ﬁGyZyz
- + e T

10 10
Harmonics for rank 1
G g](Asg)

** gymmetry

*

z

** expression
V10G, 2 n V30G,.x L \/%Gyzy
5 10 10
=(2,2
G [g)(Az,)

** symmetry

z

** expression

_3\/375Guz (31‘2 +3y2 — 222) N V105G, z (z —y) (x + y) N V105G ayz v 105G, x (1‘2 +y? - 422) v 105G,y (.’L‘2 +y? - 422)

70 14
GO g)(Ery), G [g](Enry)
** gymmetry
x
Yy

** expression

_\/EGu;v " V30G,x n \/@Gwy " V30G,, 2
10 10 10 10

_\/ﬁGuy _ \/'?EGU:U + \/%Ga:yx + \/?EGyzZ
10 10 10 10

G [g)(Ery), G357 g)(Ery)
** gymmetry

xr

Y

** expression

7

35

35

73\/%6'“1‘ ($2 +y? - 4z2) N V105G, x (3;v2 —Ty? — 2z2) 4 V105G 5y (4ac2 —y? - z2) N V105G, 2 (4272 -y - z2) n V105G, xyz
7

70 70

35

35

_3\/?gGuy (xz + 9% — 422) . V105G, y (73:2 — 3y + 222) v 105Gy (xz — 42 + 22) n V105G, xyz Y 105G .2 (3:2 — 4y + 22)

70 70

Harmonics for rank 2
G [g)(Av)

** gymmetry

*

** expression

Gy

G [g)(Ar)

** symmetry

35

7

35



** expression

V14G, (.1:2 +y? - 2z2) VA2G, (x —y) (x +y)  VA2G.rvy  VA2G..xz  V42G,.yz
14 B 14 B 7 Tt T

G [g)(Ar)

** gymmetry

** expression

VI4G, (3z* + 62%y? — 240222 + 3y* — 249222 + 82%)  5VA2G, (z — y) (z +y) (22 + y? — 627)
56 168
B 5vV/42G 1y (:1:2 + y? — 62?) B 5vV42G, 2 (3:E2 +3y? — 4z2) B 5V42G ., y» (3:E2 +3y? — 4z2)

84 84 84
G 2(g)(Er), G529 (Era)

** gymmetry

V3yz

*\/ga:z

** expression
Gy
7Gzz

GE[9)(Eru), G5V 19)(Er)

** symmetry

V3yz

7\/§IZ

** expression

VA2G,yz  3VT4AG,yz  3V14G.,xz  3v14G,.xy  VI4AG,. (22% — y? — 2?)
14 14 14 * 14 - 14

 VA2Guxz 3VIAGuaz  3V1AG.yz  V14G. (¢ — 24 +2°)  3V14G,.ay

14 14 14 14 14

GE?[9)(Era), G5V 19)(Era)

** gymmetry

V3yz

—\/gxz

** expression

5vV42G yz (322 + 3y* — 422) N 5vV14G,yz (9:E2 — 5y + 222) 5V14G w2 (:132 —6y% + 22)

84 84 42
5vV14G .y (224 y* - 622) n V14Gy, (z4 — 32?y? — 32?27 — Ayt + 27y%2% — 424)
a 42 42

5v42G 2z (312 +3y? — 4z2) 514G 2z (5172 —9y? — 222) 5V14G,,yz (61’2 . 22)
84 84 42
n V14G,., (4x4 + 322y? — 272222 — y* + 3222 + 4z4) n 5V14Gy .y (x2 + y? — 622)
42 42

G347 9)(Eza), G5 21g)(Bau)
** symmetry

V3(z -y (x+y)
2

By



** expression
GU
*Gzy

51 9] (Bz), C53 9)(Ezu)
** gymmetry

V3(z—y) (z+y)
2

3y

** expression

VA2G, (z —y) (z + 7) N V14G, (;v2 +y? - 2z2) n 314G, xz B BMGyzyz
14 14 14 14

VA2G Yy B VI4AG,y, (2% + 32 — 222) B 3V14G,.yz B 3V14G, a2
7 14 14 14

G [9)(B2u), G319 (Eau)

** symmetry

V3(z—y)(z+y)
2

—V3zy

** expression

5V42G, (z —y) (z + y) (22 + y* — 627) N VI4G, (192 — 1022292 — 122722 4+ 19y* — 129222 + 42*)

168 168
5VI4G yzy (x — y) (z + ) 5v14G a2 (5x? — 9y* — 22?) 5V14G,.y» (922 — 5y? + 22?)
* 12 + 84 + 84

5V42G,ay (22 + y* — 622)  5V14G,xy (x —y) (x + ) N V144G, (4ot — 272%y% + 32222 + 4yt + 3y?2% — 27)
84 12 42
5vV14G,.yz (61‘2 —y? - 22) 5V14G, xz (.7:2 — 6y? + 22)
- 42 * 42

* Harmonics for rank 3
G5 [g)(Azy)
** symmetry
z (31‘2 + 3y — 222)
2
** expression

\/EGuZ _ \/ngzl’ _ \/5Gyzy
5 5 5

G (9] (Azg)

** gymmetry

z (3x2 +3y% — 222)
2
** expression

B V15Gyz (33% + 3y? — 222) B VBGz (z —y) (z + )
15 2

VBEG.x (:1:2 +y? - 422) B V5Gy.y (z2 + 92— 422)
20 20

— VBGymyz —

G [g](Asy)

** symmetry

z (31‘2 + 3y — 222)
2

** expression

V330G, 2 (152 + 30a%y? — 402222 + 15y* — 40y%2% + 821)  7TV110G, 2 (z — y) (w + y) (z? + y* — 222)  TV110Gayz (a? + y? — 22%)

264 88 44
N V110G, .« (334 +222y% — 122222 + y* — 12222 + 824) . V110G, y (374 +22%y% — 122222 + y* — 129222 + 8z4)
44 44

3



G lo)(Byy)
** gymmetry
Vi (3% - )
4
** expression
\/§Guy + \/iG;zy-T
2 2
C5"9)(Bry)

** gymmetry

V10y (322 — ¢?)
4

** expression

75\/6Guy (322 — ) N V2G,y (22 + y* — 42?) N V2Gyz (2 + y? — 42%) N 5vV2G . xyz N 5vV2G,.2 (x —y) (z +y)
24 8 8 4 8
=(2,2
G5 1g)(B1y)
** gymmetry
V10y (322 — ¢?)
4
** expression
7V33Guy (322 — y?) (2% + y? — 822) N VI1G,y (532* — 104z%y? — 62222 + 11y* — 6y222 + 427)
264 88
B V11Gyx (5:64 —532%y? + 30222 + 26y* + 3y22? — 22%) N V111G, xyz (7:62 — 5y% — 222) B V111G, 2 (1’4 — 92%y% + 2222 4+ 2y — y222)
44 44 44

G ?[g)(Bay)

** gymmetry
v 10z (:r2 — 3y2)

4

** expression

V2G,z V2Gayy
2 2

(2,0
G5 [g](Bay)
** symmetry
V10z (mz - 3y2)

4

** expression
5V6G,x (2° =3y%) | V2Gux (2® + 32 —42°)  V2Ghy (¢® +y* —42%)  5V2Ga.z(x—y)(z+y)  5V2G,.ayz
24 8 8 8 4

=(2,2
G52 [9](Bay)
** symmetry

V10z (mz - 3y2)
4

** expression

7V33G,x (m2 - 3y2) (mQ +y? - 822) n V11Gyx (112:4 — 1042%y? — 62222 + 53y* — 63222 + 424)
a 264 88
. V11Geyy (26$4 — 53z%y? + 32222 + 5yt 4 39?22 — 224) N TV11G,, 2 (2x4 —92%y? — 2222 + ot + y222) . V111G vy (5x2 —Ty? + 222)
44 44 44

=(2,-2 =(2,-2
G 0)(Bg), GE5 " [9] (B
** symmetry

7\/5:(: (2% +y? — 42%)
4

_\/éy (2% +y? — 42%)
4




** expression

V10G,x _ V30G, B V30G,,y n 2v/30G .2
5 30 30 15

VI0Guy | V3G  V3Guyr | 206,
5 30 30 15

GCEV[9)(Erg), G5 [9](Eng)

** symmetry

_ V6 (atZ +y? - 422)
4

3 V6y (2% +y? — 42%)
4

** expression

3V10G, @ (22 +y% — 42%)  V30G,a (11a? — 9y — 2422)  V/30G,yy (2127 + y? — 2422)  V/30G,.2 (922 — 21y + 422)  /30G, x>
B 40 B 120 B 120 + 120 + 4

3V10G,.y (x2 +y? - 422) V30G,y (9;1:2 — 1192 + 24z2) \/?EGW:(: (x2 +21y% — 2422) n V30G,,xyz \/%Gyzz (213:2 —9y% — 4z2)
40 120 120 4 120

G 9)(Ery), G5 [g)(Ery)

** symmetry

_\/6;1: (3:2 +y? - 4z2)
4

V6y (I2 +y2 — 422)
4

** expression

3V55G,x (1‘4 +222y% — 122222 + y* — 129222 + 824) V165G, x (514 — 4a?y? — 462222 — 9y* + 66y%2% + 1224)

88 264
V165G .y (6.754 + 5x2y? — 512222 — y* 4 59222 + 624)
132
V165G, 2 (18.1:4 + 152%y% — 412222 — 3yt 4+ 9222 + 424) V165G, xyz (.’L‘2 +y? - 222)
B 132 B 44

3v55G .y (:L'4 +22%y% — 122222 + y* — 129222 + 8z4) V165G, y (9:L'4 +4a?y? — 662222 — 5yt + 46y%2% — 1224)

88 264
N V165G, (x4 — 5?2y — 52222 — 6y* + 51y?2% — 624) V165G, xyz (zz +y? - 222)
132 44
N V165G, 2 (3.754 — 152292 — 2222 — 18y* + 41y%2% — 424)
132

G472 [g)(Ezg), G5 2(g)(Eay)

** gymmetry

V1bxyz

V1bz(z —y) (x +y)
2

** expression

V3Gayz  V3Gay V3G,
3 + 3 + 3

V3Gyz | V3Gast _ V3Gysy
3 3 3

G0 (g)(Ezg), G55 [g)(E2y)

** symmetry

V1bzyz

V152 (z —y) (x + y)
2

ot



** expression

\/gGwz (3:(:2 +3y% — 222) . 3Gy (3:1:2 — 22 + 3z2) B \/gGyzx (2:(:2 — 3y — 322)
6 6 6

V3G,z (3$2 +3y? — 2z2) V3G, (:102 —9y? + 6z2) \/gGyzy (95[32 . 6z2)
6 + 12 + 12

=(2,2 =(2,
G2 (9)(Eag), G5 g)(E2y)
** symmetry

V15zyz

VIBz (2~ y) (x + y)
2

** expression

21V22G ayz (2 + y? — 227%) N 21V66Gzyz (x —y) (x +y)  V66Ga,z (62 — 5la?y? + 5a?2% + 6yt + 5y?2? — 2*)
44 44 66
V66G,,y (63:4 + 5x2y? — 51x22% — y* + 5y22? + 624) n V666G, x (x4 — 5a%y? — 50222 — 6y* + 51y?2% — 6z4)
66 66

_21\/ 22G .z (z —y) (x +y) (:1:2 T 222) N V66G 2 (39304 — 1742%y? — 202222 + 39y* — 209222 + 4z4) N 21V66Gyzyz (z — y) (z + y)
88 264 44
V66G,, T (5304 — da?y? — 462222 — 9yt + 66222 + 1224) V666G, y (91‘4 +4x2%y% — 662222 — byt + 46y%2% — 12,24)
132 132

* Harmonics for rank 4
(2,2
G lgl(Aw)
** symmetry
3zt 3x2y? 3y
% 73‘4@/ — 32222 + % — 3y 4 4

** expression

370G, (x2 +y? - 222) V210G, (x —y) (z +y)  V210Guzy 2v210G.xz  2v210G,.yz
- 70 + 140 YT T 3 3

G [g)(Ar)
** symmetry

3(4 322 34
% $4?/ —3x222+%—3y222+24

** expression

V385G, (3z* + 6x%y? — 242222 + 3y* — 24y%2% + 82%) N V155G, (z — y) (z + y) (22 + y* — 62?)

308 308
N 3V1155G .y xy (:v2 +y? - 6z2) V1155G, xz (31‘2 +3y? — 422) V1155Gy, yz (3$2 +3y? — 4z2)
154 ; 308 a 308

=(2,2
GPVg)(Ar)
** gymmetry

3 4 3 2,2 3 4

% % — 32222 + % — 3y 4
** expression

3VT15G, (5a® + 152y — 90222 + 152%y* — 18022y22? 4 120222 + 5y° — 90y* 22 + 120y%2* — 1625)

2288
V21456, (z — y) (z + y) (z* + 22%y? — 163%2% + y* — 16y%2% + 162*)  7V2145G, my (2! + 222y? — 162222 + y* — 16y%2% + 1624)
+ +
2288 1144
+7\/2145ngxz(5x4-k10x2y2--20m2z2+5y4--20y222+8z4)+ 7V2145G . yz (5z* + 102%y? — 20222 + 5y* — 20222 + 82*)
1144 1144

G lo)(Bu)
** gymmetry

V70xz (.T2 — 3y2)
4
** expression

V3Gyrz  V3Gayyz N V3Ga: (x—y) (z+y)  V3Gy.ay
2 2 1 2




" 1)(B1u)
** gymmetry

V7022 (I2 — 3y2)
4

** expression

V226G 2z (:172 - 3y2) 3V66G,zz (31‘2 +3y2 — 422) 3\/(%G,,yyz (3:172 +3y% — 422)
— + —
88 88 88
N V666G, (x“ — 212%y? 4 152222 + 6y* — 15y222) n V666G, Ty (191’2 —9y% — 3022)
88 88

G [g)(B1a)

** gymmetry

V70zz (I2 — 3y2)
4

** expression

9v2002G ,x 2 (1‘2 - 3y2) (31’2 +3y% — 822) N V6006G ,x2 (191’4 — 16022y? — 102222 + 85y* — 10y%2% + 4z4)

1144 1144
N V6006G Yz (40z‘1 — 8522y? + 52222 4+ Tyt + 5y?2? — 224)
572
V6006G ;- (23?6 — Taty? — 232422 — 822yt + 90229222 + 82224 + ¢b — Tyt2? — 8y224)
572
V6006G,.xy (5ot — 2a%y? — 442?22 — Tyt + T6y?2% — 1627)
572

G [g)(Bau)

** symmetry

VT0yz (3.7:2 - y2)
4

** expression
V3Goyz  V3Gayzz  V3Ga.zy V3G, (z—y) (z+y)
+ + +
2 2 2 4
" 9)(Bzu)

** gymmetry

myz (31’2 — y2)
4

** expression

B 7V22Gyz (32% — y?) N 3v66G.yz (322 + 3y* — 42%) N 3v66G, a2 (327 + 3y? — 422)

88 88 88
N V66G,.xy (91‘2 — 1992 + 30z2) 3 \/%Gyz (6:L'4 —212%y? — 152222 + ¢y + 15y232)
88 88

G [g)(Bau)

** gymmetry

myz (31’2 — y2)
4

** expression

9v/2002G,yz (322 — y?) (3z% + 3y? — 82?) N V6006G,yz (852 — 16022y? — 102222 4 19y* — 10y222 + 42%)

1144 1144
V6006G 2 (7:L'4 — 8522y? 4 52222 4 40y* + 5y%2% — 224) V6006G .y (7£L'4 +222y% — 762222 — 5yt + 44y%2% + 1624)
572 572
N V60066, (:L'6 — 8z4y? — 72122 — T2yt + 9022y2 22 — 8x224 4 2y8 — 239122 + 8y224)
572

G 9)(Er), G l9l(Bra)

** gymmetry

B V10yz (31’2 + 3y — 422)
4

V10zz (32% + 3y? — 42?)
4




** expression

3WVTGLyz  V21Guyz  V2Guaz  V21Ga.xy V216G, (22 + 3y* — 42%)
N Vs V S VI 28

VTG V21Guaz  V21Gayz V21G,., (3m2+y2—4zz) V21Gy,zy
7 T T f 28 Tt

CE gl (Br), G5 9)(Er)
** gymmetry

3 V10yz (322 + 3y? — 422)
4

V10z2 (3.’1)2 + 3y% — 4z2)
4

** expression

17v/154Gyz (3;1:2 +3y2 — 422) V462G, yz (33;1:2 —51y? + 4022) V462G, 2 (9.762 +93y% — 4022)

616 616 616
9V462G .y (2* + y? — 622) N V462G, (62 + 322y? — 392222 — 3y* + 15y%22 + 42*)
616 616

17/154G  x= (33:2 +3y% — 422) N V462G, zz (511’2 —33y% — 4022) N \/46726';,,@3/2 (9312 +9y? — 4022)
616 616 616
N V462G, (3x4 — 32%y? — 152222 — 6y* + 39y%2% — 424) n 9V462G, zy (.1:2 +y? — 622)
616 616

=(2,2 =(2,2
G2 (9)(Br), G210l ()
** symmetry

V10yz (3.1:2 + 3y — 422)
B 4

V10zz (31’2 + 3y2 — 422)
4

** expression

21V286G.,yz (5ot + 102%y? — 202222 + By* — 20222 + 82%)  TV858G,yz (11a? + 4a?y? — 262222 — Ty* + 229222 — 42%)

1144 1144
N TV 858G oy 2 (:L'4 — T2%y? — 2222 — 8y* + 23222 — 224) N TV858G . xy (1'4 + 222y — 162222 + y* — 16y%2% + 16z4)
572 572
V858G, (1'6 — daty? — 112422 — 1122y* + 9022y222 — 4222% — 65 + 101y*22 — 116y22* + 826)
B 572

21v/286G, zz (5o + 1022y? — 202222 + 5yt — 20y%22 + 82%)

1144
N TV858G, 2 (71’4 —da?y? — 220727 — 11y* + 26y%22 + 42*) N 7V858G.yyz (82 + Ta?y? — 232227 — y* + 227 + 224)
1144 572
V858G - (6£L'6 + 11aty? — 1012422 + 4a?y? — 90229222 + 1162224 — ¢ + 11y%22% + 49%2* — 826)
B 572
7V/858G . my (x4 2z%y? — 162222 + y* — 16y%2% + 162%)
572

G P19l (Baus 1), G5 [g)(Bou, 1)

** symmetry

V35 (:L'2 — 22y — yz) (:L‘2 + 22y — y2)
8

V3bay (z —y) (z +y)
2

** expression

\/6Gv (CL‘ — y) (I + y) _ \/éGzny
4 2

2 4

G P19l (B2, 2), G5 2 [g)(Bou, 2)



** symmetry

7\/5(x—y)(x+y) (2% +y? — 62%)
4

Vhzy (z2 +y? - 622)
2

** expression

314G, (z—y)(z+vy) V42a@, ({L’2 +y? - 222) N VA2G,xz \/ZEGyzyz
28 28 7 7

3V14G zy \/EGzy (:1:2 +y? - 222) VA2G,.yz \/@Gyzxz
T 28 B 7 B 7

GO [9)(E2us 1), 633 [9)(Baas 1)

** gymmetry

V35 (:(:2 —2xy — yz) (3:2 + 2zy — yz)
8

V3bay (x —y) (z +y)
2

** expression

77\/ﬁG’u (2% = 2zy — y?) (2% + 22y — °) N V33G, (z —y) (v +y) (22 +y? — 622)

44 44
V33Gayry (xz +y? - 622) TV33G .2z (;v2 — 3y2) 7\/§Gyzyz (3x2 — y2)
a 22 * 44 B 44

TVIIG 2y (x —y) (x +y) | V33Guay (a2 +y* — 622)
- 11 + 22
V33Gay (x —y) (2 + ) (z% +y? — 62%) 7V33G,.yz (322 — ¢?) 7V33G, vz (z® — 3y?)
* ‘ v + 11 * r

GV [9)(E2ur 2), G35V [9)(E2ur 2)

** symmetry

V(z—y) (@ +y) (2° +y - 62°)
1

V5ay (m2 +y? - 622)
2

** expression

VTTG, (z —y) (z +y) (22 +y2 —622) V231G, (27* — 32%y? — 92222 + 2y* — 9y222 + 32%)
77 B 77
_ V21Gay (¢ —y) (z +y) N V231G, vz (222 — 33y? + 92%) N V231G,.yz (3322 — 2y% — 92?)
22 154 154

TG uzy (.752 +y? - 622) n V231G,zy (v —y) (x + y) n V231G, (.r4 + 3022y? — 362222 + y* — 369222 + 1224)

77 22 308
B V231G,.yz (3922 — 31y2 + 1822) N V231G, 2 (3122 — 39y? — 1822)
308 308

=(2,2 =(2,2
G2 [9)(Baur 1), G537 [9)(Bzus 1)

** symmetry

V35 (:L'2 — 22y — yz) (:L‘2 + 2xy — y2)
8

V35zy (z —y) (z +y)
2

** expression

9v1001G,, (22 + y* — 102%) (2% — 2zy — y?) (2* + 22y — y?) N V3003G, (z — y) (z +y) (172" — 230a%y? — 82222 + 17y — 8y?2? + 8z*)

2288 2288
N V3003Gaymy (492" — 1662%y? + 82222 + 49y* + 8y?2? — 8z*)
1144
n 3v3003G, xz (7964 — 58z2y? — 422 + 23yt + 12y2z2) n 3v3003G,.yz (23.7)4 — 58z2y? 4+ 122222 + Ty* — 4y222)
1144 1144

9



9V1001G 2y (z — y) (x + y) (z? + y* — 102?) N V3003G,wy (252 — 822%y? — 4a?2? + 25yt — 4y?2? + 42%)

572 572
V3003Gay (z — y) (z +y) (20* — 2922y + 2222 + 2y + 3222 — 2%)
286
N 3v3003G,,yz (8:(:4 — 1322%y% — 32222 + 4 + y222) B 3v3003G,.xz (r4 —132%y% + 2222 4 8y* — 3y222)
286 286

=(2,2 =(2,2
G [9)(B2u, 2), 6357 [9)(Bau, 2)

** symmetry

VB(z—y) (@ +y) (2° + - 627)
1

NG (x2 +y? - 6z2)
2

** expression

21V143G, (z — y) (z + y) (z* + 22%y? — 162222 + y* — 16y222 + 1624)

1144
V429G, (1328 — 452y? — 150222 — 4522y + 5402%y?2% + 602224 + 13y5 — 150y%22 + 60y22* — 829)
1144
21V429G sy (x — y) (x + y) (22 + 92 —102%)  TV429G,.wz (Tat — 4a?y? — 222727 — 11y* + 26y%2% 4 42%)
572 572
V429G, yz (112 + 4ay? — 262222 — Ty + 229222 — 424)
572

21V143G ay (zf + 22%y? — 162222 + y* — 16y222 + 1624) N 21V429Gzy (x — y) (z + y) (2? + y* — 102%)

572 572
V429G, (2376 — 15z%y? — 152422 — 1522y* + 180229222 — 15222* + 25 — 15y*22 — 15y%2* + 2z6)
286
N V429G, yz (8.764 + 7x2y? — 232222 — yt + 222 + 224) B V429G, vz (x4 — Ta%y? — 2222 — 8yt + 23222 — 2z4)
286 286

10



