PG No. 22 (3, 6 [hexagonal ] (polar, internal polar octupole)

* Harmonics for rank 0

Q¥ [g)(A")

** gymmetry

1

** expression

VT0Q1y (31‘2 - yz) N V70Qqx (:Ez - 3y2) N V105Q3xyz B V42Qs,x (:r2 +y? - 4z2)

28 28 7 28
VA2Qs,y (1‘2 +y? - 4z2) V7Quzz (3%2 +3y? — 222) V105Qp.z (z — y) (z + y)
- - +
28 14 14
* Harmonics for rank 1
G al(4)
* symmetry

z
** expression

V21Qszy  2v/210Qs,22 2v210Q3,y= 3v35Qaz (x2 +y? - 2z2) V21Qy. (z —y) (x4 y)
7 3 3 70 14

QP [ql(A”)

* symmetry

z

** expression

V210Q1yz (31’2 — y2) n V210Q2z2 (1,2 —3y?) B V35Qsxy (1’2 +y? - 6z2) B 5v14Q3, 22 (3:62 + 3y — 4z2)

24 24 14 56
5v14Qsyyz (327 + 3y? — 422) N V21Qa: (32* + 62%y? — 242222 + 3y* — 249222 + 821)  V35Qu. (z —y) (z +y) (2 + 3 — 62?)
56 84 28

A lal(E), O [q)(E)

*oK symmetry

iy

Yy
* expression

3V14Quzy  3vV14Qs (z — o) (z+y)  V21Qayz  V210Qs, (32° +y% —42%)  V210Qs,2y  3V35Qu.zz  V21Qp.x2
w 28 t—w 140 B 70 B 35 + 7

VHQL (w —y) (@ +y) _ 3VIQery  V2Qarz  vV210Quwy _ V210Qs, (z° +3y> —42%)  3V35Qu-yz  V21Qu.yz
28 14 7 70 140 35 7

“”[q}( B, 3% 1q)(E")
* symmetry

.
Y
** expression

V210Q1zy (152% — 13y* — 622) V210Q; (42 — 212%y? — 32222 + 3y* + 3y%2?)

168 168
n V35Qs3yz (6.7:2 —y? - 22) V14Q3, (4,7:4 +3x22y? — 272222 — yt + 3222 + 424)
14 B 56
5vV14Qs,zy (22 + y* — 622)  5v21Qa.x2 (322 + 3y? — 42?) N V35Qp.xz (522 — 9y* — 22?)
56 84 28

V21001 (3334 — 2122y? + 32222 + 4y — 3y222) V210Q2xy (13x — 15y% + 62 ) V35Qszz (1‘2 — 6y? + 22) 5v14Qs,xy (a:2 +y? - 622)

168 168 14 56
n V14Q3, (:r:4 — 32%y? — 3222% — 4yt + 27222 — 424) 5v21Qa:yz (3.”52 + 3y — 422) N V35Quyz (9.752 —5y? + 222)
56 84 28

* Harmonics for rank 2

35" ) (4)



** symmetry

** expression

\/ﬁdex \/ﬁQdyy \/ﬁQazZ
7 + 7 + 7

A8 Vg

** symmetry

** expression

75\/210Q1y (3:172 - y2) B 5v210Q2x (£E2 - 3y2) B 3v14Q3,x (1’2 +y? - 42:2) B 3V14Qs,y (:):2 +y? - 422) B V21Qq. 2 (31’2 + 3y — 222)

168 168 56 56 21
@5V a)(4')

** gymmetry

** expression

VIIE5Quy (32° —y?) (2 +y° —82°)  VIIBBQax (2 — 3y°) (a® +y* —82%)  3VTT0Qswyz (¢° +y° —22°)

264 264 44
15V 77Q3,x (x4 + 2222 — 122222 + y* — 129222 + 8z4) 15V 77Q3yy (x4 +222y% — 122222 4yt — 129222 + 824)
- + ‘
616 616
N 5v/462Q,. 2 (15z* + 3022y? — 402222 + 15y* — 40y222 + 82%)  3VTT0Qu.2 (z — y) (z +y) (2 + y? — 22%)
1848 a 88

0% V), B85 Vlal(E)
** symmetry

V3(z—y) (z+y)
2

—V3zy
** expression

VT0Q1y n VT0Qsz _ VA2Q3,x N VA2Q3,y LY 105Qy 2
14 14 42 42 21

7\/%621% n VT0Q2y _ V105Q3z n VA2Q3y | V42Qs,w
14 14 21 42 42

=(3,1 (3,1
CO1g(E), B3 gl (E)
** gymmetry

V3(z—y)(z+y)
2

—V/3azy
** expression

VT0Quy (22 + y? — 42?) N VT0Qoz (2% + y? — 422) B VA2Qs,x (1122 — 9y? — 242?)

56 56 168
 VA2Qayy (927 — 11y° +242%)  5VT7Quzz (x — y) (x +y) N V105Qy.z (322 + 3y? — 222)
168 14 42

VT0Q (mz +y% - 422) n VT0Q2y (:172 +y? - 422) V105Q32 (31’2 + 3y — 222)
56 56 42
VA42Qs,y (21x2 +9? - 2422) VA2Q3, (wz +21y% — 2422) 5V7Qq.1yz
+ 168 + 168 + 7

3(3,3 7(3,3
A (B, B85 lal(B)
** symmetry

V3(z—y)(x+y)
2



—V/3azy
** expression

V385Q1y (53z* — 1042?y? — 62222 + 11y* — 6222 + 427) N V385Qpx (1121 — 104x%y? — 62222 + 53yt — 6y?22 + 421)

616 616
3v/2310Qszyz (x — y) (v + y) 5v/231Qs,x (5374 — 4a?y? — 462222 — 9y* + 669222 + 1224)
* 14 - 1848
5v/231Q3,y (92* + 4a?y? — 662222 — 5y* + 46222 — 1224) 5v154Qa2 (x — y) (z + ) (2% +y? — 22%)
a 1848 B 88
L V2310Qp. 2 (39.154 — 17422%y? — 202222 + 39y* — 20y%22 + 4z4)
1848

V385Q1z (5x* — 53a?y? + 31222 4 26y* + 3y?2% — 221)  V/385Qay (262 — 532%y? + 3x%2% 4 5yt + 3y?z? — 227)

308 308
N v2310Q32 (6364 — 5122y 4 52222 + 6yt + 5y?2? — 24) 5v/231Q3.y (6354 + 5x%y? — 512222 — y* + 59222 + 624)
462 + 924
B 5v231Q3yx (3:4 —522y? — 52222 — 6y* + 51y?2? — 6z4) N 5v154Q . xyz (xz +y? - 222) _ 3v2310Qp;zyz (z—vy)(z+y)
924 44 44

08 Val(E”), B85V al(B”)

** symmetry

V3yz
—V3z2

** expression

V105Qsz  2v42Qsy2  VTQu.y  V105Qu.y
TR I DY

\4 105Q3y 2@@312 \/?Qazx \4 105sza7
21 21 t T 21

= (3,1 ~(3,1
A5 lal(E”), BV [al(E)
** symmetry

V3yz

—V3az
** expression

5VT0Q12 (x —y) (x +y)  5V70Qeryz  V105Qsz (23:2 — 32 — 322) 5v42Qs,xyz
- - +
56 28 42 28
VA2Q3,z (2122 — 9y? — 42%)  VTQuuy (2% +y? — 422)  V105Qu.y (927 — y? — 622)
B 168 B 28 + 84

_5mQ1xyz B 5V70Q2z (z — y) (z + ) v 105Q3y (312 — 2%+ 322) 3 VA42Qs,2 (912 — 2192 + 422)
28 56 42 168
Sngyxyz V7Qa.x (.772 +9? - 422) V105Qp.x (.”52 —9y% + 622)
28 28 84
= (3,3 = (3,3
EOal(E), 3557 al(E")
** gymmetry

V3yz

—\/31'2’

** expression

V385Q12 (:C4 — 922y% + 2222 + 2y% — y222) N V385Q2xyz (51‘2 — Ty* + 22?) N Vv2310Qsx (:C4 —5x?y? — ba?2® — 6y + 51y?2% — 62%)

44 44 462
5v231Q3,xyz ({L’2 +y? - 222) N 5v231Q3y2 (31'4 — 152292 — 2222 — 18y* + 419222 — 424)
a 44 924
n 5v154Q4-y (1‘4 +22%9% — 122222 + ¢t — 129222 + 824) V2310Qp-y (9354 +4x2y? — 662222 — 5y* + 46222 — 1224)
308 B 924



V385Qayz (722 — By? — 222)  V/385Qaz (22 — 9z%y? — 2222 + ¥t + y22?) N V2310Q3y (63* + 5z%y? — 512222 — y* + 5y222 + 624)

44 44 462
5v/231Q3. 2 (18x4 + 15222 — 412222 — 3yt 4+ y222 + 4z4) 5v231Q3,zyz (132 +9y? - 222)
+ 921 + T
5vV/154Q .« (324 + 22292 — 122222 + y* — 129222 + 824) n v2310Qp,x (514 — 42%y? — 462222 — 9yt + 663222 + 12z4)
308 924
* Harmonics for rank 3

3 (3,3
@ lal(4',1)
** symmetry
V10y (322 — y?)
4

** expression

o)

@ lal(4',2)
** symmetry
V10z (rz - 3y2)
4

** expression

Q2

a4, 1)
** symmetry
v 10y (3x2 — y2)
4
** expression
VI5Qy (2% +y? — 222) N V10Q3z2

_Quay  Qy@-y) @ty  VI0Quy:
12 4 2 4 4

@ la(4',2)
** gymmetry
V10z (a:2 - 3y2)
4
** expression

V15Qs (a2 + y? — 22?) ~ V10Q3yz
12 4

Qs (—y)(x+y)  Qsyry  VI0Qu.z2
- + +
4 2 4
¢ Vg, 1)

** symmetry
V10y (322 — ¢?)
4

** expression

V22Q, (3:v4 + 622y? — 242222 4 3yt — 249222 + 824) N 5v33Qsxz (3x2 + 3y — 422) v330Q3.xy (5$2 — 2% — 9z2)
176 132 66
N V330Qs, (z* — 4222y% + 362222 + 13y* — 36y22%)  TV55Qq.yz (322 — y?) N 5v/33Qs-yz (322 + 3y° — 42?)
528 44

132
(g4, 2)

** symmetry
v 10z (mz - 3y2)
4

** expression

V22Q: (3z* + 63%y? — 242227 + 3y* — 24y%22 + 821) B 5v/33Q3yz (322 + 3y — 42?) V330Qs, (13z* — 422%y? — 362727 + y* + 36y222)
176 132 528
V330Qsyzy (222 — 5y® + 92%)  TVB5Qu.xz (22 — 3y?) N 5v/33Qp.x2 (322 + 3y* — 42%)
66 44

132
Q% g(A', 1)

** gymmetry

Y0y (32 - ¢?)
4



** expression

VA29Q (11325 — 17402y + 4524 2% + 1725z%y" + 90z%y?2% — 602%2* — 118y° + 45y"2% — 602" + 82°) N 7V429Qszy (2% — 3y?) (32% — y?)

6864 208
TV286Q3xz (79c4 —852%y? + 5w?2? + 40y* + By?2? — 22%)  TVT715Qs.zy (7:04 +222y% — 762222 — 5yt + 449?22 + 1624)
1144 2288
N TVT15Q3, (m6 — 8zy? — To12? — T2yt 4+ 902292 2% — 82224 4+ 2y8 — 233122 + 8y2z4)
2288
7V4290Qq.yz (3z% — y?) (322 + 3y? — 822) N 7V/286Qb-yz (85a* — 16022y* — 102222 + 19y* — 10y222 + 42%)
2288 2288

=(3,3
3V [l 2)
** symmetry
V10z (:L'2 - 3y2)
4

** expression

7V429Quwy (2% — 3y?) (322 — y?) N VA429Q; (11820 — 1725a%y? — 452422 + 174022y* — 90x%y?2? + 60a%2* — 113y5 — 45y*22 + 60y?2* — 829)

208 6864

7v/286Q3yz (40x4 — 8522y? 4 52222 4 Tyt + 5y?2% — 224)

+
1144

TV T715Q3, (2,16 — Trty? — 232422 — 8x2yt + 90229222 + 822t + o5 — Tyt2? — 8y2z4)
B 2288

TVT15Qsyay (52 — 20%y? — 44a22% — Tyt + T6y%2% — 1621)  7v/4290Q,. 72 (2? — 3y?) (322 + 3y® — 82?)
B 2288 a 2288
N TV286Qp, 2 (19;174 —16022y? — 102222 + 85y — 10y%22 + 4z4)

2288

35 lal(4)
** gymmetry
z (3x2 +3y% — 222)
2

** expression

QEZ
Q5 [g)(A”)

** gymmetry
z (3272 + 3y — 222)
2

** expression

VI0Qszz  V10Qz,y2  VI5Qa: (2% + 32 —222)  Qu. (x —y) (z +79)
10 + 10 - 15 h 2

—Qsry +

@ la)(47)
** symmetry
z (322 + 3y — 22?)
2

** expression

77\/%Q1yz (32% — y?) B 7V55Qazz (22 — 3y?) N V330Qszy (22 + y? — 622) B 5v/33Q3, w7 (322 + 3y* — 42%)

44 44 132 132
5v/33Q3,y2 (822 4 3y* — 422) N V22Q,. (8z* + 622y — 242222 + 3y* — 243222 + 82*) N V330Qu: (x — y) (z +y) (a2 + y* — 627)
132 88 264

=(3,3
G5 [a)(A")
** symmetry
z (3952 + 3y2 — 22’2)
e

** expression

B 7v/4290Q1yz (31’2 — yz) (31’2 +3y% — 822) B 7vV4290Q2x 2 (1‘2 — 3y2) (31’2 +3y2 — 822)

2288 2288

TV T15Qszy (14 + 222y — 162222 + y* — 16y22% + 1624) 35vV/286Q 3,2 (5174 + 102292 — 202222 + 5yt — 209222 + 824)

+ +
572 2288

35v/286Q3,yz (5z* + 102%y? — 202222 + 5y* — 20222 + 8z*)

+
2288

5v/429Q,. (520 + 152y — 902422 + 1522y* — 18022y?22 + 120222 + 5y5 — 90y*2? + 120y%2* — 162°)

B 3432

N TVTI5Qp. (z — y) (x + y) (a* + 22%y? — 162722 + y? — 16227 + 1627)
1144

5



= (3,3 2 (3,3
SVl E), A5 al(E)
** gymmetry
N (atZ + y2 — 422)
4

\/éy (1’2 +9? - 422)
4

** expression

QSm
Q3y

=(3,—1 2(3,—1
CVaE), Q5 Vlal(E)
** symmetry

V6 (1‘2 + y2 - 422)
4

NG (:L,2 +y? - 422)
4

** expression

Qizy Qa(z—y) (x+y)  V6Qazyz VIQs, (2% —3y* +22%)  V15Qz,zy  V10Qu.zz  V6Qp.x2
T2 4 ty Tt 20 + 5 + 0 T 1

Q@—y)(@+y) Qory  V6Qszz VIBQuwzy VIBQsy (322 —y2 —222)  VI0Qu.yz  V6Qu.yz
+ + + - X _
4 2 4 5 20 10 4
051 1a)(B), %" [al(E)
** symmetry
NG ($2 +y? - 422)
4

VBy (2% + 2 — 122)
4

** expression

V330Q1zy (527 — 2y% — 922)  V330Q2 (132* — 422%y? — 362222 + y* + 36y22?)

66 528
VB5Qayz (9$2 — 1992 + 1622) V22Q3, (17;v4 — 62%y? — 962222 — 23y* + 1449222 — 8z4)
Jr —
132 528
BJﬁQ3yacy (x2 +y? - 622) 5v33Qaxz (3m2 +3y? — 422) V55Q0,x2 (5;v2 +33y% — 1622)
66 132 132

V33001 (m4 — 4222y? + 362222 + 13y* — 36y222) V330Q2xy (2x2 —5y? + 922) V55Qsxz (19av2 —9y? — 1622) 5v/22Q3,xy (1:2 +y? - 622)

528 66 132 66
n V22Q3, (23x4 + 622%y% — 1442222 — 17y* + 969222 + 824) 5v33Qa-y2 (31’2 +3y? — 47;2) n VE5Qu. %2 (3312 + 5y — 1622)
528 132 132

2(3,3 =(3,3
OV lal(E), B3 al(E)
** symmetry
6z (1‘2 + y2 — 422)
4

\/éy (:pz +9? - 422)
4

** expression

TVT15Quay (Ta* + 222y? — 762222 — 5y* + 44y%2% 4 162*)

B 7V715Q2 (21‘6 — Txty? — 239042222?88302344 +90x2y%2% + 8x22% + b — Tyt2? — 8y224) B 7V4290Q5y 2 (8954 + Ta?y? — 232222 — yt 49222 + 224)
. 5v/429Q3, (6,106 + 11a%y? — 101x4§22§84x2y4 — 90229222 4+ 116222* — b + 11y?22 + 49224 — 8z6) e
N 35v/429Q3, vy (z + 22%y> ;2;(;,222 Tyt o 165222828+ 1624) . 35v/286Qu- 2 (52 + 10x2y22;82012z2 + 5y* — 20y%2% + 821)
B TVA4290Qp, 7 (Ta* — da?y? — 222222 — 11y* + 263222 + 42%)
2288



7V 71501 (xﬁ — 8xty? — Tz

— Ta?y* + 9027y 2% —

8224 4 298 — 231422 + 8y2z4)

TVT15Qowy (5z* — 222y? — 442222 —

2288

Tyt + T6y%2% — 1624)

2288

2222 — 8yt 4 233222 722)

— 163222 + 16z4)

4 7V4290Q3xz (ac4 — T2y —
1144
5v/429Q3, (;v6 —da*y? — 11z

. 35v/429Q 3,y (x4 +222y% — 162222 4+ ¢4

2288

— 1122y* 4 9022y%2% — 4222* — 6% + 101y*z

—116y22* + 8z6)

2288
—20y%22% + 8z4)

TV4290Qy,yz (11x + 42%y? — 260222 — Tyt + 22222 — 4z )

n 35v/286Q . yz (5x4 + 1022y — 202222 + 5y*

2288

=(3,—3 =(3,—3
AP 1al(E"), O P lal(E”)
* symmetry

V1bzyz

V152 (z —y) (x +y)
2

** expression

Qs

sz

3,—1
.(51 >[Q](E//)7 32
* symmetry

V(")

2288

V1bxyz
V152 (z —y) (x +y)
2
** expression
\/EQNE‘Z \/ﬁszz \/éeryZ \/6Q3yl'2’
- + + - Qazxy
4 4 4 4
VI0Qiyz | VI0Qawz | V6Qsewz  V6Qsyyz  Qu:(z—y) (x+y)
+ + - -
4 4 4 4 2
(3 1)[(1} (E"), Q(3 1)[ 1(E")
symmetry
V1bzyz
V152 (z —y) (x +y)
2
** expression
5v33Q1x2 (3:1:2 + 3y? — 42?) 5v/33Qqyz (31‘2 + 3y?% — 422) 7V22Q3 (1’4 — 3x%y? — 30222 +yt — 3yt + z4)
132 132 66
N VB5Qsayz (922 — 19y* + 1622) B VB5Qsyxz (1922 — 9y? — 1622) V330Qa-zy (22 + y* — 622) 35\ﬁQ;,zxy (x—y) (z+7)
132 132 132 132
5V/33Q1yz (322 + 3y% — 4z2) 5v/33Qaxz (322 + 3y? — 42?) 35\/7Q3xy (z-y)(x+y) VB5Qs, 22 (522 + 33y? — 1622)
132 132 132 132
N V55Q3,yz (33a72 + 5y — 1622) n V330Q.: (z —y) (x + y) (xz +y% — 62 ) N V22Qy. (m4 — 1822y? + 122222 + y* + 12y%2% — 42%)
132 264 264
3,3 3,3
Qi lal(E”). B 4l ()
Symmctry
V1bxyz

V152 (z —y) (z + )
2

** expression

7V/286Q 2% ( x? — 8522y? + 5a22? 4 40y* + 5y%22% — 2z )

1144

— 152%y* + 18022222

— 152224 + 298 — 15y122

7v286Q2yz (40334 — 8522y? 4 52222 + Tyt + 5y?2% — 22 )
+
1144
— 15y%2* + 226)

N VA429Q3 (225 — 15a%y? — 15222

286

Tv4290Q3,yz (83:4 + 7x2y? — 232222 — gt + 2% + 224) TV4290Q3,x2 (x4 — Ta%y? — 2222 — 8yt + 239222 — 22 )
- +
1144 1144
N TVT15Qq.my (zf + 22%y? — 162222 + y* — 16y222 + 1621)  21V420Qu.xy (z — y) (x + y) (% + y* — 102?)

572

572



7V286Q1yz (85x4 — 16022y% — 102222 + 19y* — 10y222 + 424) n 7V286Qxz (195(:4 —16022y? — 102222 + 85y* — 10y%2% + 424)

2288 2288
21v429Qszy (x — y) (z + ) (xz + 9% — 10z2) 7vV4290Q3,x 2 (7."54 — 4x?y? — 222222 — 11y* + 263222 + 4z4)
a 572 a 2288
B TV4290Q s,y 2 (11304 + 4xy? — 262222 — Tyt + 22222 — 4z4) N TVT15Qq: (x —y) (z 4+ y) (1‘4 +22%y% — 162222 + y* — 16y222 + 16z4)
2288 1144
V429Q. (13;v6 — 4524y — 1502422 — 452%y* + 54022222 + 60222* + 13y5 — 150y*22 + 60y%2* — SzG)
1144

* Harmonics for rank 4

3V a)(4)
** gymmetry
3zt 3x2y? 3yt
%+%—3x222+% — 3y 4
** expression
\% 42dem \% 42leﬂ/ ZWQazZ
VR VI

@) (4)

** gymmetry

8 4

** expression

3v385Q1y (31‘2 — yz) N 3v385Qqx (m2 - 3y2) _ V2310Qszy=z V231Qszx (xz +y? - 422)

3 4
— 32222 + % —3y222 4 24

308 308 22 308
 V231Qsyy (22 +y* — 42%)  3V154Quzz (32° + 3y — 222) ~ V2310Qp:2 (z — y) (z + )
308 154 44
(3,1
Q)
** symmetry
3at | 3e’y?

2 2 3y* 2 2 4
3 + 1 —3x°z +?73yz +z

** expression

15v/2002Q1y (322 — y?) (2% + ¢y — 82%) N 15v/2002Qzz (2 — 3y?) (22 + y* — 82?) N 5v/3003Qszyz (22 + y* — 227)

2288 2288 286

Vv30030Q3,x (1‘4 +222y% — 122222 +y* — 129222 + 824) Vv30030Q3,y (x4 +222y% — 122222 + y* — 12222 + 824)

+ +
1456 1456

3v5005Qq. 2 (152 + 30a%y? — 402222 + 15y* — 40y%2% + 821)  5v/3003Qu.2 (z — y) (x + y) (z? + y* — 22?)

+ +
4004 572
@ [a) (4)

** gymmetry
S0t saty?
8 4

** expression

3 4
— 32222 + % —3y222 4 24

3v/2002Q1y (3.102 - y2) (3.104 + 622y? — 602222 + 3y* — 60y222 + 8024)

4576
L 3v2002Q5x (:L‘2 - 3y2) (3x4 + 622y? — 602222 + 3y* — 60y222 + 80z4) n 3v3003Q3xyz (151‘4 +3022y? — 802222 + 15y* — 80y222 + 48z4)
4576 1144
V30030Q 3, (5r6 + 152%y? — 1202422 + 1522y* — 24002y222 + 240222% + 5yb — 120y*22 + 240y22% — 64z6)
a 4576
Vv30030Q3,y (516 + 152%y% — 1200422 + 1522y* — 24022y222 + 240222 + 5y — 120y*22 + 240y22* — 64z6)
a 4576
V5005Q .2 (35%6 + 105x%y? — 2102*22 + 10522y* — 420229222 + 168222* + 35y° — 210y*22 + 168y22* — 16z6)
2288
N 3v3003Qp.2 (x — y) (z + y) (15:v4 + 3022y — 802?22 + 15y* — 80y22? + 482*)

2288
AP Vg, 1)

** symmetry
V70zz (I2 — 3y2)
4

** expression

Q22 V6Qsy N V6Qy.x
2 4 4




Q) (4",2)
** gymmetry

myz (3952 — y2)
4

** expression
Q12 n V6Qs n V6Qu-y
2 4 4
G-V 104" 1
5 lal(A”, 1)

** gymmetry

V70zz (1‘2 — 3y2)
4

** expression

3v/22Q, 2 (3:1:2 +3y? — 22:2) V33Qsy (1‘2 +9? - 422) V330Qs3.2 (x —y) (x +y)
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