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Table 1 Harmonics for rank 0.

No. multipole expression

1 Go(A42) 1

Table 2 Harmonics for rank 1.

No. multipole expression

2 G1 (Ag) z
3 GI,I(E) -y
4 Glyz(E) x

Table 3 Harmonics for rank 2.

No. multipole expression
G2(As2)

Go(B1)  V3ay
Go(Bs) \/g(z*g)(zw)

Go1(E
Gapo(E

V3yz
—V3xz

© o N o W

)
)

Table 4 Harmonics for rank 3.

No. multipole expression

_ z(312+3y27222)

10 G3(As2) 5

11 Gs(B1)  V1bayz

12 GJ(BQ) ISZ(z;y)(Zer)
13 Gs.i(E,1) M
14 Gyu(B,1) S
15 Gsq(E,2) —Yiule—z)lts)
16 Gso(E,2) \/ﬁz(yj)(wz)




Table 5 Harmonics for rank 4.

No. multipole expression
17 Gy(Ar) YLBuleonty)
18 Gu(As,1) \/ﬁ(zA7312y2,31222+y473y222+Z4)
19 Gu(As,2) - ‘/ﬁ(“‘4—1211>2y2+6ac1"’2;2+y4+6y222_224)
20 Gu(B) _M
21 Ga(Bs) ﬁ(r—y><x+yi(z2+y2_6z2)
22 Gyq(E,1) Lousl_atz)
23 Gyo(E,1) —¥Erlezats)
24 Gy (B2 Yrovos)
% Gug(E2) Yl o)
Table 6 Harmonics for rank 5.
No. multipole expression
26 Gs(Ay) w
27 Gs(Ay,1) z(l5z4+3012y2—401;2;2+15y4_40y222+824)
28 Gs(As,2) 3\/£z(1272zy78y?)(12”1”7?/2)
29 Gy(By) LTmlentor)
30 Gs(By) — mZ(I*y)(zT)(zﬂyhzzZ)
31 Gsa(E,1) _y(lSz“74012y2+30z222+8y4*4092z2+1524)
32 Gsp(BE.1) 1(814740""2y2740””2Z;+15y4+30y2z2+15z4)
83 Goa(B,2) —2YSwlioaee)(hraee )
34 Gsa(E,2) 3\/%1(1”'2_2”2_822)(y2+2y2—22)
35  Gs1(E,3) my(zfz)(’”tf)(ﬁ*?ygﬁg)
36 Gsao(E,3) mz(y_z)@ZZ)(?z?—y?—z?)




Table 7 Harmonics for rank 6.

No. multipole

expression

37 Ge(A))
38 Gg(Ay, 1
39 Ge
40  Gg
41 G
42 Gg(By,1
43 G
44 G,
45  Ggo
46 Gy,
47 Gep
48 Gy,
49 Gepo

_ 3VTay(a—y) (a+y) (¢ +y° —102%)

4

V2(22—152%y® —152* 2> — 1527 y* +1802%y? 2% — 152”21 +2y° — 15y 2° — 15y° 2" +22°)

8

vV 14(1’6715<1:4z2+151'2z4+y6715y4z2+15y2 z472z6)

8
vV 4621y(12 73y2) (312 7y2)

16

\/210my(m4+2m2y2 —161222+y4 — 16y222+1624)

16

_ V2310(z—y)(z+y) (IgZ) (z+2)(y=2)(y+2)

V42(z—y)(z+y) (134—912342—5m222+y4—5y222+524)

3VTyz(y—2) (y+2) (102" —y*—2°)

8

4

3VTxz(z—z)(z+2) (12 710y2+22)

4

V462yz (y27322) (3y27z2)

16

_ 46212(127322)(312722)

16

\/2101/2(16:104— 16.1:2y2 - 16:t222+y4+2y222+z4)

16

21Ozz(1471612y2+212z2+16y47161/2224»24)

16

Table 8 Harmonics for rank 7.

No. multipole expression

50 Gr(d)  — \/ﬁzw(%y)@wj)(3z2+3y271oz2)

51 Gr(As,1) — z(35a:6+105:c4y2—210w4z2+105:c2y47420w2y126z2+1681;2z4+35y67210y4z2+168y2z4716z6)
59 G7(A2? 2) _ \/ﬁz(ﬁ,my*gﬂ)(zzﬁzzyfyz)(3zz+3y271022)

53 Gr(B1,1) ‘/971‘”1’2(3‘”4_5121"'2_5;222+3y4—5y222+3z4)

54  Gr(B1,2) - ﬁzyz(314*2012?/2+1l3112z2+3y4+10y2z2—6z4)

55  Gr(Ba,1) mz(z—w(r+y)(12?;4zy+92)(9”2+41y+y2)

56 G7(B27 2) \/Ez(zfy)(acﬁ»y)(151,4+3012y;;8012z2+15y4,80y2Z2+48z4)

57 G'?‘,l(E? 1) y(3516721014y2+1051422+1681294*42012?4120:22#»1051224*16y6+168y422*210y224+35z6)
58 (G772 (E, 1) "”(16“'67168“'4y2*168w4z2+210“’2y4+420*’1:2y126z2+210:z'2z4—35y6—105y4z2—105y2z4—35z6)
59 G?,l(E? 2) my(12*2132*22)(IztzzZ*ZZ)(3zz710y2+3z2)

60 Gro(B,2) Y08 2us ) 2e )

61 G7’1 (E’ 3) _ my(zfz)(z+z)(123;4zz+z2)(12+4zz+z2)

62 Gro(E,3) YOOy —dyets) (v dyets)

63 Gri(E,4) - my(w*z)(”d(15004*8012y;2+3012z2+48y4—80y2z2+15z4)

64 (G,74’2 (E7 4) \/ﬁz(y*z)(lﬁfz)(4814,8012y5;801222+15y4+30y222+lsz4)




Table 9 Harmonics for rank 8.

No. expression
3V715zy(z—y)(z+y) (:1:2 —2zy—y? ) (:1)2 +2my—y2)
65 5
66 3VTToy(z—y)(z+y) (z4+212y2 —24x% 2%yt 724y2z2+40z4)
16
Vv 33(:{}8 - 14zsy2 - 14310622-%—35.1641;4+35310424 - 143023/6 —14:@2264—1/8 - 14y622+35y4z4 — 14y226+28)
8
\/ﬁ(z& —1425y? —142°22 42102 y? 22 — 1422 y® +21022y* 22 — 42022 y? 21 42822 26 48 — 1496 22 42842 26 72z&)
64
V210(2® —622%y% +342° 22 41602 y* —302*y? 2% —802* 21 —6227y® —302°y* 224602y 2! +282° 20 +1® +34y 0 2% —80y* 2* +28y %20 —22°)
64

Vv 858wy(w2 73y2) (31:2 —yz) (a:2+y2 714z2)
- 32

3vT0zy (2 +32"y* —302" 22 +32°y* —602°y* 2 +802° 2 +y° —30y* 2° +80y° 2* —322°)
- 32

V858(z—y)(z+y) (:l:2+y2 —1422 ) (:1:2 —day+y? ) (:1:2+4:1:y+y2)
B 64

3VT0(z—y) (z+y) (2°+32"y> — 302" 22+ 32y —6022y? 2> +802° 2 +y° —30y* 2% +80y? 2" —322°)
- 64
3V715yz(y—=z)(y+2) (y2 —2yz—22) (y2 +2yz—22)

16

3V715zz(z—z2)(z+2) (zz 72zzfz2) (z2+2zzfz2)
- 16
3WVTTyz(y—=z)(y+=z) (401‘1 —2422y? —2412z2+y4+2y222+z4)

16

3V 77wz(a:7z)(w+z)(24724x2y2+2w2z2+40y4724g/2z2+z4)
- 16
\/858yz(y2 —322 ) (By2 7z2) (143v2 7y2 7z2)

32
V858xz (:1:2 —322) (3:112 —22) (:1:2 - 14y2+22)
32
3V/T0yz(322° 802" y* —80x" 22+ 3022y " +602°y? 22 +302% 2" —y® —3y* 22 —3y>2* —2°)
32
3V70xz (.1.'6 —30:643/2 +32422 -%—8012314 —60:6231222 +32224 —32y6+80y422 —30y224+26)
32




Table 10 Harmonics for rank 9.

No. multipole expression

82  Go(Ay,1 _v5105101y2(z—y)(z+y2)3(m—2)(Z+Z)(y—2)(y+2)
\/4290;1:yz(:n—y)(:)7+y)(3:1:4—11:E2y2—7:E222+3y4—7y2z2+7z4)
83  Gg(A1,2
8
84 Gl Ay 1 2(3152°+12602°y> —33602° 22 +1890z" y* 10080z y* 2% +6048x" 2* +12602°y° — 1008027y 22 +120963°y 2* — 230422 2°+315y® —3360y° 22+ 6048y 2* —2304y° 20 +1282°)
9(A2, 128
85 Go(As. 2 3\/12155z(x4—4z3y—6’z2y2+4zy3+y4)(;1:4+4J:3y—6m2y2—4my3+y4)
0 9 25 128

3\/5005z(z2 72zy7y2) (z2+2zy71/2 ) (z4+212y2 7812z2+y4 78y2z2+8z4)

(41,1)
(41,2)
(A2,1)
(42,2)
86 Go(As,3) .
(B1,1)
(B1,2)
(B2, 1)
(B2,2)

\/330xyz(6x5—2114y2—211422—2112y4+14012y222—2112z4+6y6—21y4z2—21y224+6z6)

87  Go(Bi,1 -
3v1430zyz xG771'422+71‘2z4+y677,1/4z2+7y2z472z6
88 Go(B2) X ( : )
\/4290z(zfy)(z+y)(zzf4zy+y2)(12+4zy+y2)(3zz+3y271422)
89  Go(Ba1) - )
3\/1IOZ(JIJ—y)(:1:+y)(7:1:6+21:z4y2—70:1:4z2+21.’1:2y4—140.1;2y2z2+112:l:2z4+7y6—7Oy422+112y224—3226)
90  Go(Bs,2) - -
y(3152° —33602°y> +12602° 2> +6048z" y* — 100802y 2>+1890x" 2" — 230427y % +120962%y* 2° — 100802y > 2" +12602>2°+128y° — 2304y ° 22 +6048y " 2* —3360y°2° +3152°)
91 Goa(E,1) - 128
1(12818—2304.1:6y2—2304:6622+604814y4+12096:c4y222+6048.7:4z4—3360@23/6—100801231422—10080:023/224—33601226+315y8+1260y622+1890y4z4+1260y226+315zs)
92 G9,2(E71) 128
3v12155y z474IBZ7612z2+4zz3+z4)(z4+413z~,7612z274zz:‘+z4
03 Goy(E,2) -2 - )
3\/121551(y4—4y3z—6y2z2+4yz3+z4)(y4+4y32—6y2z2—4y23+24)
94 G9,2(E72) 128
3 5005y(w2721'z7z2) 1:2+2J:zfz2)(z478:r2y2+2w2z2+8y478y2z2+z4)
95 Gon(E.3) —2 ( it
3v5005z 3;272'512722 y2+2y2722 8147812y2781222+y4+2y2z2+z4
0 Gualng) I ) )
4290y (z—2)(z+2) 22 —dzz+22) (22 +4zz+2> 3:1:2—14y2+322
07 Gou(E4) Y ( 62( ) )
4290z (y—2) (y+2) (1422 —3y? —322) (v —dyz+22) (y> +4yz+22
0% Cop(g) VIO (1722 ) )
3VT10y(z—2) (z+2) (720 —702*y> +212 22 41120 y* — 14027y > 2 +212° 2 32y +112y* 22 70y 24 +729)
99  Go1(E,5) )
3V110x(y—=2) (y+2) (3200 —1122"y* — 1122 22 4 7022 y* +1402°y 22 47022 2* —7y° —21y* 22 —21y°2* —72°%)
100 Goo(E,5) -




Table 11 Harmonics for rank 10.

No. multipole expression
12155zy(z—y)(z+y Z2+.112*18z2 :L'272xy7y2 1'2+21:y—y2
101 Gyo(A,1) -~ (=)t 1) I )
102 Gio(Ar,2) V21d5zy(z—y) (a+y) (20432 y® —422" 2% +32%y* —842y” 2% +1682% 2" +1° —42y* 22 +168y° 2" —1122°)
10{A1, - 32
103 G (A 1) \/390(2:1010—45:E8y2—45:1:8z2+42:1:6y4+1008.’1:6y2z2+42:1:624+42:1:4y6—1260:1:4y4z2—1260:1:4y2z4+42:1:426—45:1:2y8+1008;1:2y6z2—1260:1:2y4z4+1008:1:2y226—45:1:228+2y10—453/822+42y6z4+42y4z6—45y228+2z10)
10{A2, 96
Gi(A V/A420189(222'° +452%y> —10352° 22 —1052°y* —6302°y 22 +49353° 2* — 1052 y°+ 31502 y* 22— 15753 y? 2" —48302* 20 +452%y® 63022y ® 2% — 157522y 2" +12600°y? 2°+9902 2 +22y"° — 1035y° 22 +4935y° 2! — 4830y 204990y % 2° —442'°)
104 10(A2,2)  — 35952
. A \/3213210(31’10—9618142—391822+224:c6y4+1344z6y222—42xsz4+22414y6—672Om4y4z2+3360.1:4y224—1821426—96:62y8+134412y622+3360.7:2y4z4—2688.7:2y226+135:z2zs+3y10—39y522—42y624—182y426+135y228—6210)
105 GIO( 2,3) - 33968
V92378zy (2t —10z2y% +5y*) (52 — 1022y % +y*
106 GIO(Bh 1) ( 256 )( )
VA290wy (2% —3y?) (32 —y? ) (3x* +62°y> —962° 2> +3y* —96y° 2° +2242")
107 Gi1o(B1,2) 556
108 G (B 3) \/165zy(7w8+28w6y273361"322+42w4y471008:r4y2z2+1680w4z4+281z2y671008w2y4z2+33601:2y2z4717921:2z6+7y87336y6z2+1680y4z4717923/2z6+384z8)
10{D1, 128
109 G (B 1) \/2717O(zfy)(z+y)(zfz)(zﬂ»z)(yfz)(y+z)(314711121/27111222+3y4711y222+3z4)
10(D2, - 32
110 Gio(B,2) V140063 (x—y) (z+y) (2205 —6532%y* —3152° 2% +26022% y* —9450*y? 22 +15752% 2* —6532%y® — 94507 y* 22 +315020y? 2* — 16802 26 +22¢° — 315y ° 2+ 1575y* 2* — 1680y > 2°+3602" )
10{D2, 11984
111 Gio(Bs,3) VI0T1070(z—y) (v+y) (92° —1652°y> —2312° 22 — 252" y* +38012" y 2 +4063" 2! —1652%y° +38012°y* 22 96742y 2" 426627 2°+9y" — 231y %27 +406y " 2" +266y>2° —572°)
10822, 23968
12155yz(y—=z)(y+=z 1812—y2—22 y2—2y2—22 y2+2y2—z2
112 Giou(E1) Y (y=2)(y+2)( - ) ) )
1215522 (z—2) (z+2) (22 —18y*+2? ) (22 —2x2—2?) (22 +2x2— 27
113 Gioa(E,1) Y (@=2)(@+2)( - ) ) )
114 G (E 2) \/2145yz(y—z)(y+z)(112x5—16814y2—1681422+4212y4+8412y222+421224—y6—3y422—3y224—26)
10,1(£&, 32
15 G (E 2) \/2145wz(1:7z)(a:+z)('J:67421'4y2+3w4z2+1681'2y4784:l;2y2z2+31'2z47112y6+168y4z2742y2z4+z6)
10,2 ’ 32
V92378yz(y* —10y% 2% +52*) (5y* —10y? 22 424
116 G0 (E,3) ( 556 ) )
V923782 .’1:4—10.712z2-%—5z4 5:1:4—10:1:2224—24
117 Guop(E,3) - ( 556 ) )
VA290yz (y? —322) (3y> —22) (2242 9622y —962% 2% +3y" +6y> 2> +32")
118 Gio1(E,4) - — -
, 256
V429022 (2% —322) (322 —22) (32* —9622y2 4622 22 +224y* —96y2 22 4324
119 Giopo(E,4) - ( X X 256 )
120 G (E 5) \/165yz(3841871792z(5y27179216z2+1680z4y4+336014y2z2+168014z47336121/57100812y4z27100812,1/2,54733612z6+7y&+28y“z2+42y4z4+28y2z6+7z8)
10,1(&, 128
121 G .5 165xz(7xs—33616y2+281622+168014y4—100814y2z2+4214z4—179212y6+336012y422—100812y224+281226+384y8—1792y622+1680y4z4—336y226+728)
10,2( 70) 128




Table 12 Harmonics for rank 11.

No. multipole  expression
692835xyz(z—y) (z+y) (22 +y? —622) (22 —2zy—y? ) (2® + 22y —y*
12 Gl YO (GRS I )
3\/1001:1,-yz(w—y)(ac+y)(5a:6+151z4y27701-4z2+15w2y4—1401:2y2z2+1681-2z4+5y6—70y4z2+168y2z4—80z6)
123 G11(A41,2) - =
124 Gii(As1) 2(6932'0+34652°y* —115502° 2% +69302°y* —462002° y° 2° +369602° 2* +69302 y° — 69300z y* 2% +110880z" y* 2* —31680z* 20434652y —462002°y® 2°+ 1108802y * 2* — 633602y > 26 +70402% 25 4+693y"* —11550y° 2> +-36960y° 2* 31680y " 2+ 7040y % 2° —2562)
11(A2, - 256
\/692835z(:1:2+y2—622)(.’64—4:n3y—6:l:2y2+4my3+y4)(:1:4+4:1:3y—6:1:2y2—4:L'y3+y4)
125 Gi1(A2,2) — 756
126 Gii(As,3) _3\/10012(1272zy7y2)(IQ+2zy7y2)(516+1514y27701422+1512y4714Oz2y222+16812z4+5y6770y/122+168y2z4780z6)
’ 128
V243Twyz (525 —302y® —302° 2%+ 632 y* +63* 2* —3027y® — 3022 20 +5y° —30y° 2° +63y* 2* —30y° 20 +52°)
127 G11(B1,1) 3
\/2309451yz(z&769:“,1/2761‘;z2+42z4y2z27612y(i+42z2y4z278412y2z4+1212z6+y&76y5z2+12y2z672z8)
128  G11(B1,2) - =5
120 Gu(B,3) V3003zyz (52° —1502y® +902° 2% +3362" y* — 702y 22 — 1682 2* —1502°y° — 702y 2° + 14027y > 2* +6022 24+ 55490y 2> —168y* 2* +60y”2° —102%)
11(D1, - 32
\/1939938z(;1;7y)(x+y)(a:4741:3y—14x2_1/2—4zy3+y4)(:r4+41:3y714x2_1/2+4:L'_1/3+y4)
130 G11(Be,1) =13
V145862 (z—y) (z+y) (2° —dzy+y?) (2 +4zy+y?) (152" 4302 y* —1602° 2%+ 15y* —160y° 2% +2242")
131 G11(B2,2) =15
132 G (B 3) \/21452(:1:—y)(:1:+y)(21:1;8+84:1;6y2—336:1:622+126:1;4y4—1008:1:4y222+1008:1:4z4+84.’1:2y6—1008:1:2y422+2016:1:2y2 z4—768:1:226+21y8—336y6z2+1008y4z4—768y226+12825)
11(D2, 256
133 Gua(E,1) y(6932'° —115502°y° +34652° 2% +369602°y* —462000°y> 2% +69302° 2" — 316802 y© +110880 y* 22 693003y 2* 46930 2° +70402%y® — 6336022y ° 2>+ 1108802y " 2* —462002>y>2°+34652> 25 — 256y 'O+ 7040y% 2% —31680y° 2" + 36960y 2° — 1155097 2° +6932"°)
11,1(&, 256
134 Gua(E,1) 225620 — 704025y —70402° 2° +316802%y* +633602°y> 2% +316802° 2* —369602* y° — 1108802 y* 2* — 1108802y 2* —36960* 20+ 1155027 y® +462002°y® 2%+ 693002 y* 2* +462002°y? 20 +115502% 25 —693y* — 3465y 2* —6930y° 2* —6930y* 26 —3465y° 25 —6932"7))
11,2 i 256
\/692835y(1276y2+z2)(z474a:3zf6xzz2+4zz3+z4)(z4+413zf612z274zzx+z4)
135 G111(E,2) 556
\/6928351(6z2—y2—22)(y4—4y3z—6y222+4y23+z4)(y4+4y3z—6y2z2—4yz3+z4)
136 Gui2(E,2) =56
137 Gu 1(E 3) 3V 1001y(w2721:z7z2)(1:2+2zzfz2)(51:6770w4yz+151‘4z2+168w2y47140:L'2y2z2+151'2z4780y6+168y4z2770y2z4+5z6)
, ) 128
138 Giia(E,3) 3v1001z (y® —2yz—27) (v +2yz—2") (802 — 1682 y* —1682* 2+ 702 y* +1402°y* 2°+702° 2* — 5y 15y 22 —15y° 21 —52)
11,2(&, 128
1939938y (z—=z)(z+2) a2t —4x®z— 1422 2% 4228+ 2% (2t +42® 2 — 1422 22 + 4225 + 24
139 Guuy(B,4) ( o) )
\/19399381(y72)(y+z)(y474y32714y22274yz3+24)(yd+4y3zf14y222+4y23+z4)
140 Gq12(E,4) =13
\/14586y(:):—z)(.r+z)(12—4.rz+z2)(z2+4zz+z2)(15.1:4—160:1:2y2+301222+224y4—160y222+15z4)
141 Guq(E,5) - 13
\/145869@(1/72)(y+z)(y274yz+z2)(y2+4yz+z2)(2241471609027/2716012z2+15y4+30yzzz+15z4)
142 Gq12(E,5) 13
43 G (E 6) \/2145y(z—z)(z+z)(2118—3361:6y2+841622+100814y4—100814y222+12614z4—76812y6+2016x2y4z2—1008x2y2z4+841226+128y8—768y622+1008y4z4—336y226+2128)
11,1(&, - 256
i G (E 6) \/2145x(yfz>(y+z)(1281:877681:6],/27768;1;6,22+10081'4y4+2016:r4y2z2+1008w4z47336352_1/671008z2y4z271008z2y2z47336:r2z6+21ys+84yc‘z2+126y4z4+84y2z6+21z8)
11,2(&, 256




