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Table 1 Harmonics for rank 0.

No. multipole expression

1 Go(4) 1

Table 2 Harmonics for rank 1.

No. multipole expression

3 Gl,l (El) x
4 Gl’Q(El) y

Table 3 Harmonics for rank 2.

No. multipole expression

5 Go(A) _§ B % L2
6 Gaoi(Ey) 3yz

’ Ga,2(En) —V/3zz

8  Ga1(E2) w
9 Goo(Ey) —V3axy

Table 4 Harmonics for rank 3.

No. multipole expression

_ 2(312+3y272z2)

10 Gs(A) i

11 Gy(B,1) V)

12 Gy(B,2) Vol

13 Gz (Er) *w
14 Gyp(Ey) YR
15 Gs1(E2) V1bzyz

16 Gsa(Eo) w




Table 5 Harmonics for rank 4.

No. multipole  expression
17 Ga(A) % + # 3222 4 % g
18 GyB,1) YOmlmwl)

19 Gy(B2) Ywlrov)

20 Gy(E) - 0wGrleioit)

9 Gup(E) YVOmleleioas)

22 Gy1(E2,1) \/3T5(w2—211/*y:)(x2+21y,y2)

23 Gua(E,1) w
24 Gy(FE22) — \/Eu—y)(”yi(wuyzfﬁz?)

9% Guo(By2) YElehroo)

Table 6 Harmonics for rank 5.
No.  multipole  expression
26 Gs(A) 2(1514+3012y2,40I222+15y4740y222+824)
27 Gs(B,1) _ \/ﬁy(3.7:2_y21)6(m2+y2_822)
28 G5(B,2) - mz(zzigyzl)(j(zhryzfs/)
29 Gsa1(E1,1) 3‘/ﬁx(z4—11:12y2+5y4)
30 Goa(m,1) /IO )
31 Gs.(E1,2) Jﬁz(14+2zzyz,l2izz+y4712y222+824)
32 Gs2(F1,2) \/ﬁy(:c4+2m2y2712:K;Z2+y4712y222+8z4)
33 Gsa(Ea,1) —w
B Gao(By1) W2t
35 Goy(Hp2) - ACma(e4-22)
36  Gs2(FEq,2) — \/ﬁz(z—y)(zzy)(z2+y2_222)




Table 7 Harmonics for rank 6.

No. multipole expression
38 Ge(A,2) \/@(zfy)(z+y)(zzf;;zy+y2)(12+4zy+y2)
39 Go(A,3) LOmltmn)(Et)
40 Ge(B,1) mzz(zz731!21)6(312+3y278z2)
i Gy Lot
42 Gg,1(E1,1) 3myz(5zi;1012y2+y4)
43 Gea(Er,1) 3m“(14161012y2+5y4)
44 Gea(Br,2) myz(sx4+1ox2y2720§2Z2+5y47201/2z2+8z4)
45 Gepa(E1,2) — mzz(szA+1012y2720§222+5y"720y222+8z")
46 Go1 (Ezv 1) - 3ﬁ(w2+y271022) (121762%97#) (1'2+2:L'y7y2)
47 Gep(E2,1) — 3\ﬁz3/(z*y)(Z+f)(12+y2,1022)
48 Gg1(E,2) m(‘”_y)(“‘*’y)("”4‘*'2-’”2Z/Z;161222+y4—16y222+1624)
49 Geo(Ep,2) — mzy(ﬁHZ%ﬁ716f;zz+1/4716y2z2+16z4)
Table 8 Harmonics for rank 7.
No. multipole expression
50 Gr7(A,1) V/6006zyz(=* 16392)(312*1/2)
51 Gr7(4,2) - Z(35‘”G+10514’y2*210a:422+105z‘2y474201:2y126z2+168;,,2z4+35y67210y4z2+168y224*1626)
52 Gr(4A,3) \/Wz(z—y)(wry)(z23;4zy+y2)(z2+4zy+yz)
53 Gq(B,1) \/ﬁy(g‘”2_y2)(3m4+6:n23/2;2601222+3y4—60y222+8024)
54 G+(B,2) \/ﬁz(mzfl%yz)(314+612y23,26012Z2+3y4760y2z2+8[)z4)
55 Gra(£1,1) \/@z(zﬁ_219”43922+3512y4—7y6)
56 Gra(E,1) \/my(hﬁ735242y2+2112y47y6)
57 Gri(F1,2) — 2311(z2+y2,122322)(1471012y2+5y4)
58 G7)2(E17 2) \/EU(a?#»y?,lZi;) (51'4*10:L'2y2+y4)
59 (G7’1(E17 3) _ﬁz(516+1514y271201422+1512y4724012§zz2+2401224+5y67120y422+240y2‘z4764zs)
Ty (50041521 y? —1200% 22 + 15021 — 240022 22 +2400221 45y — 120y 2242405224 —642°)
60 Gro(E1,3) — ;
61  Gr,1(E2,1) ‘/mzyz(z’y)(”il)(312+3y271022)
62 G772(E2’ 1) 7\/ﬁz(gﬁ_21y—y2)(gﬂ_izry_yz)(312+3y2_1022)
63 Gr,1(E2,2) mwyz(15w4+30w2y2—80122z2+15y4—80y2z2+48z4)
64 Gra(Eh,2) mz(z*y)(zﬂ/)(lf’f+3012y;;801222+15y4—80y2z2+4824)




Table 9 Harmonics for rank 8.

No. multipole  expression

65 Gs(A,1) 3152’”88 + 35§Zy2 - 35’2622 + 105&494 _ 105123/222 T 1052%4 T 35;6;3/5 _ 105zzy4z2 4 105z;y2z" 142226 + % 35 W 1426 4
66 Gs(A,2) _ \/@(zfy)(z+y)(12+y271421)(12,4zy+y2)(Iz+4zy+y2)

67 Gs(4,3) - \/ﬁzy(;ﬂ_ggﬂ)(3§Z_y2)(12+y2_1422)

68 GS(B7 1) mﬂ@z(ﬁ*i’yz)(39€4+612y;272012z2+3y4,20y222+wz4)

69 Gg(B, 2) \/Wyz(gﬁ_yz)(3z4+612y;2_201222+3y4_20y222+1624)

0 Go(Ey,1) IOty

T Gag(Ey,1) 2y sty on)

72 Ggi(E1,2) *3my2(:”'2+y2_4;;)(5"”4—101'«'2y2+y4)

73 GS,Z(El-, 2) _3\/MIZ(12+11974;22)(1471012y2+5y1)

74 GS,l(El-, 3) _ 3yz(3516+105$492_2801422‘*'105-’”2114—560%2;,/2222+3361224+35y6—280y422+336y224_6426)
75 Gsao(EL3) 3zz(3szf’+10514y2,gsoz4zz+10512y4,560952;,2222+336zzz4+35yb7280y4zz+336yzz4764z6)
6 Gaa(Bp1) ST ey ) (et

77 Gga(F,1) 73‘/m"'y(”*y>(“’+y)(“’216*21'1/*?/2)(1’2+2wy*y2)

78 GS,l(EQ, 2) 3ﬁ(1272zy*y2)(12+21y7y2)(z;IQIQyQ7241222+y4724y2z2+4024)

79 G8,2(E2., 2) 3ﬁ""y(-”"y)(-’l?+y)(-'174-%—2:1;2?2—24;1;222+y4_24y2z2+4024)

80 Ggi(E2,3) - 3vV70(z—y) (v +y) (29432 y> —302" 2% +327y" *62'0121/222+801224+y6730y/’z2+80y2z4732Z6)
81 Ggao(Fs,3) 3\%1@(@6+3x4y2_30z422+312y4_6ongzzz+801,zz4+ys_30y422+80y224_3226)




Table 10 Harmonics for rank 9.

No. multipole expression
4290zyz 1273312 31271/2 312+3y2714z2
9 o) Vo)) )
z(315:ﬂ8+1260:1>6y2—3360:10622+1890.’n4y4—10080:1:4y2z2+6048m4z4+1260.’c2y6—10080:n2y4z2+12096:1>2y224—2304:1)2z6+315y8—3360y622+6048y4z4—23O4y2z6+12828)
83 Go(A4,2) 78
4 Go(A \/42902(zfy)(z+y)(1274zy+y2)(zz+4zy+y2)(312+3y2714z2)
8 9( 73) - 64
V24310y (32 —y?) (32° —272*y+332y* —y®)
85 Gy(B,1) 356
V2310y(32° —y?) (29 432"y — 362" 2°+32°y* — 720y 2> +1202° 2" +y° — 36y " 2° +120y°2* —642°)
86 Gy(B,2) - 195
V24310x (2% —3y?) (29 —332"y? +272%y* —3y°)
87 Gy(B,3) 556
\/23101’(1‘2731/2)(16+3z4y273624z2+3w2y4772352_1/222+1201:2z4+y6736y4z2+120y2z4764z6)
88 Gy(B,4) — o8
3v/1430x (22 +y% —1622) (26 —212%y% + 3522 y* — 79
89  Goi(Er,1) — ( )gsﬁ )
3v/1430y (22 +y? —1622) (725 —3504y2 +2122y* —y°
00 Goo(Er1) -2/ )G« )
3v286z(x? —102%y? +5y*) (z* +222y? — 2822 22 +y* — 28y 2% +562*
01 Gou(Er2) ( (o' 2e” )
37286y (52* —102%y* +y?) (o +202y> — 2822 2% +y* —28y2 2% +562%)
92 Gopo(Er,2) -— 155
3\/3@(7x8+28906y2728016z2+42z4y47840z4y2z2+11209:4z4+28902y678401,2,1/4z2+224012y2z478961226+7y87280y6z2+11201/4z47896yzz6+128z8)
93 Goa(£1,3) 128
3v/6y (725 42820y —2802° 2% +422% y* — 8402y 27 +11202" 24 + 2827 % — 8402y 22 +22402°y? 2* —89627 20+ Ty® —280y° 2% + 1120y 2* —896y° 20 +1282°)
94 Gopo(Er,3) 128
3 12155wyz(1:—y)(:r+?/)(1'272wy7,1/2 (1‘2+21:y—y2)
05 Goy(Esl) 2 - )
3121552z —4xPy—622y* +day® +y?) (e + 423y — 622y —day® +y*
96  Ggo(FEo,1) ( 128 X )
3v5005xyz(z—y) (w+y) (2* +222y% —8x2 22 4y* —8y2 22 4824
07T Goi(Es2) —2 (2420 )
3v/50052 1272zy7y2) 2?4 2zy—y?) (2 +222y% — 822 2% 4yt —8y? 22 4824
08 Goo(Fn,2) 23005 ( i )
3vT10zyz(7a0+21a%y> — 702 22 4212 y* — 14027y 2+ 11222 2% +7y° 70y 22 +112y°2* —322°)
99 Goa(£2,3) - 32
3v110z(z—y) (z+y) (T2°+212"y* —70a" 22+ 212%y* — 1402y 22 + 11227 2* 47y —70y* 2° +112y% 2" —322°)
100 Goo(E2,3) — o7




Table 11 Harmonics for rank 10.

No. multipole  expression
630 31528y 15752522 31525y* 157516y222 5252624 3152%y° 472524y 22 157524 y% 24 3152426 315z%y° 157522y 22 157522y% 24 31522y%28 5x228 63y'° 1575y 2> 525y%2% | 315y%2° 459228 10
101 Guo(A 1) %% — o + i~ s T R R v 61 - B B - 32 - 8 + 2 ~ T Twe tTis T T s T4 Tz t2
102 (Gl(](A 2) \/4290(zfy)(z+y)(1274zy+y2)(zz+4zy+y )(31 +61 y2—9622 2243y —96y> 2% +2242 )
) 512
V4290xy z? —3y )(312—J2)(3:1:4+6:1;2y2—96:1:222+3y4—96y222+224z4)
103 G10(4,3)
256
V4618902 (22 —3y?) (2% —33z1y? 42722 y* — 3¢5
104 Guo(B,1) G i )
105 Gio(B,2) VA290wz(2? —3y?) (T8 4212 y> —84a 2% +212%y* 1682y 22 +1682” 24 +7y° —84y* 27+ 168y 2* —642°)
o 10 5 - 198
V461890yz (322 —y?)(32° —27z*y?+3322y* —y°
106 Glo(B,g) ( )(256 )
107 Gio(B, 4) VA290y=(32° —y?) (720 +212y® —84a 27 +212%y* 1682y 2° +1682° 21 +7y° —84y* 2° +168y° 2* —642° )
10 ) - 128
V72930y =z 3:1:2+3y2716z2 7:1:67353164,1/24»211'23147yﬁ
108 (Gm,l(El,l) — ( 2)5(6 )
V72930zz (322 +3y> —1622) (2® —212%y > +3522y* -7y
109  Giop2(Er,1) ( 2)5(() )
V858yz(5at =102y +y*) (150443002 y% — 14022 22 +15y* —140y2 22 +1682*
110 Gio,1(E1,2) ( ) 128 )
858xz(z* —1022y? +5y*) (152 +302%y% 14022 2% +15y* —140y? 22 +-1682*
11 Guoa(Fy,2) ( J(a5etra00%s )
112 Gio1(E1,3) V55yz(632°+2522%y% —8402° 22 43782 y* —25202"y > 2% +20162* 2* +2522%y — 25202 y* 2% +403227y? 2* — 11522° 20+ 63y® —840y° 2> +2016y* 2* — 1152y > 26+ 1282")
10,1(£1, 128
13 G (E 3) \/ 522 (632°+2522°y” —840a° 2% +378xy" —25202" Y 2° +20162" 2" +2522°y® — 25202 y* 2> +40322°y* 2" — 11522° 26 +63y® —840y° 2 +2016y* 2* —1152y° 2 "+128z8)
10,2(£1, 128
14 G (E 1) \/92378(x—y)(z+y)(14—4z3y—1412y2—4zy3+y4)(z4+413y—1412y2+4zy3+y4)
10,1 (L2, 512
V92378xy 10121/ +5y x 7101:2y2+y4
115 Gio2(Eo,1) a 256 e )
121 x +y —18z 1474z3y7612y2+4zy3+y4 zd+4z3y7612y274zy3+y4
106 Groy(Bn) _ YEBE 0152 o) )
12155zy(z—y)(z+y +J —18z —2zy—y :1:2+2:l;y—y2
0T Groa(Fy2)  VEIEmem iy (e 18:) 0% 22 )
118 Glo 1(E2 3) _\/2145(1272zy7y2)(z +2zy—y )(z +314y274211,22+312y478412y2z2+168z2z4+y6742y4z2+168y2z47112ze)
) ’ 128
19 G (E 3) \/2145.1:3;(:0—3/)(z+y)(m6+314y2—4214z +322y* —84x%y? 2241682224 +y6—42y422+168y224—11226)
10,2(£2, - 35
120 Gio1(Fs,4) V165 (z—y) (z+y) (72°+282°y> —3362° 2% +422" y* — 10082 y? 2* +16802* 2" +282°y© — 10082y * 2° + 33602y > 2* — 179207 2%+ 7y® —336y° 2> +1680y" 2* — 1792y 2°+3842%)
10,1 (L2, 256
121 Gios(Es,4) _x/165zy(718+2816y2—3361622+42'L4y4—1008z4y222+168014z4+28z —10082%y* 22 +33602”y” 2* — 179227 26+ 7y® —336y° 2° + 1680y 2* —1792y° 20+ 3842%)
10,2(£2, 128




Table 12 Harmonics for rank 11.

No. multipole  expression

V14586zyz(2° —3y?) (32 —y?) (152 +302°y® —1602° 2> +15y* —160y> 2> +2242*)

122 G11(A,1) T
123 G (A 2) z(693a:m+3465x5y2711550w5z2+693016y4746200w6y2z2+36960w6z4+6930w4yf’769300w4g/4z2+11088Oz4y2z4731680w4z6+34651’2y87462001'2y6z2+1108801:2y4z47633601'21;2z0+7040w2z8+693ym711550ygz2+36960y6z47316801/4z6+7040y2zg7256z10)
11(A4, - 256
V145862 (z—y) (z+y) (2 —dzy+y?) (2 +4zy+y? ) (152" +302°y* —1602° 2%+ 15y* —160y° 2° +2242")
124 G11(A4,3) =15
46189y 3:102—3/2 :E2+y2—20z2 3:1:6—27:1>4y2+33:1:2y4—y6
125 Gu(B,1) Y (e o0 )
126 Gu(B,2) V/30030y (322 —y?) (2°+42°y> —563°22 462" y* —1682"y?2* +3362" 2" +427y° — 1682y 22+ 67227y 2" 44822 2% +1° —56y° 2> +336y " 2" — 448y 20 +1282°)
11 ) 512
V/46189z (22 —3y?) (2442 —2022) (25 —33x*y? +2722y* —3y°
127 G11(B,3) — ( ) 512)( )
128 Gui(B,4) V30030z (2° —3y”) (25 +42°y> —562° 2> + 62 y* —1682" y?2°+3362" 2" +42%y° — 1682y 22 467227y * 2" — 4480 2% +4° —56y° 2>+ 336y 2* —448y° 20 +1282°)
11(D, 512
88179z (210 —5525y% +3302°y* —46224 9 +16522y5% —11y1°
120 Gy 1 (Er, 1) ( v )
VB8179y (1120~ 16525y +46225y* —3302"y S +5522y5 —y'°)
130 Gii2(Er,1) - ( =13
V364652 (2% —21z1y?2 +3522y? — 7y ) (2 +222y2 —3652 2% +y* —369% 2249621
131 Guis(E,2) ( G )
36465y 7:n6—35;1:4y2+21:1;2y4—yG :1:4+2:1:2y2—36w222+y4—36y222+9624
132 Gyo(E,2) L0 ) )
3v143x (" —10a2y>+5y* ) (52 +152" y — 2402 22 +152°y* — 48027y % 2° +11202% 2" +5y° —240y* 2% +1120y > 2" —8962°)
133 G111(E1,3) — =13
3v/143y (52* 102y +y* ) (52°+152% y> —2402* 22 4150 y* —4802%y? 2>+ 11202 2* +5¢° —240y* 22 +1120y>2* —8962°)
134 G11’2(E173) 512
135 G (E 4) \/661(21901"+10518y2712601&z2+21016y47504016,1/2z2+8400x6z4+21014y“775609041/47,2+25200z4y2z4713440x4z(’+10512y8750409021/6z2+25200z2y4z472688012y2z(i+576012z8+21yl()71260y8z2+8400y“z4713440y4z6+5760y2z875122“')
11,1(£1, - 512
136 G (E 4) w/66y(2lz10+10518y2—12601822+210x5y4—504016y222+8400x524+21014y6—7560:@4y422+25200x4y224—13440x426+10512y8—504012y622+25200x2y4z4—2688012y225+57601225+21y]D—1260y822+8400y624—13440y4z5+5760y228—512z10)
11,2(£41, - 512
V1939938zyz(2* —1022y? +5y*) (504 — 1022y +y*
137 Gi11(Eq, 1) - 256 )
\/19399382(zfy)(z+y)(1:474zay71412y274zy3+y4)(14+4zay71412y2+4zy3+y4)
138 Gi12(F2,1) =13
6928352y z(z—y) (x+y) (22 +y? —622) (22 —2zy—y?) (22 422y —y?
130 Guua(Er) YT (42702 ) )
V6928352 (22 +y? —622) (z* —da®y—622y* +day® +y? ) (z* +423y—622y? —dzy® +y*
M0 Goa(Fa2) — ( ) iy ) )
3\/1001.1:yz(z—y)(m+y)(516+15z4y2—701‘122+15z2y4—14Om2y222+1681224+5y6—70y422+168y224—8026)
141 G11,1(E»,3) =5
149 G (E 3) 3\/10017,(1272zy7y2)(12+21yfy2)(516+15z4y277014z2+15x2y4714012y2Z2+16812z4+5y6770y4zz+168y2z4780z“)
11,2(£2, - 128
143 Giya(Bs,4) V2145zyz (2128 48425y —3362° 2" +1262" y* — 10082y 22 +1008z* 2 +8427y® — 100827y * 2% +20162°y* 2* — 7682 20 +21y° —336y° 2> +1008y* 2* — 768y 20 +1282°)
11,1(£2, 128
4 G B d \/2145z(1:—y)(:L'+y)(21w8+84w6,1/273361:6z2+126w4y4710081’4_1/2z2+1008w4z4+84ar2y671008@21/4z2+20161:2y2z47768a:2zc‘+21y87336y6z2+1008y4z47768y2z6+128z8)
11,2(Fa, 4) 256




