PG No. 12 D, 422

* Harmonics for rank 0
2(2,2
36 g)(A)

** symmetry

[ tetragonal | (polar, internal polar quadrupole)

1
** expression
_VBQu (1 y? = 22) | VIBQu (r —y) (2 +9)

+ V 15sz5[3y + \/ﬁszxZ + \/ﬁQyzyz
10 10 5 5 5

* Harmonics for rank 1

QP [g) (42)
** gymmetry

z
** expression

\/EQuZ \/ﬁszx \/%Quzy
5 10 T 10

AP [g)(42)

** symmetry

z

** expression

_3\/%Quz (31‘2 +3y? — 222) N V105Qqz (z — y) (x + y) . V105Qgyzyz v 105Q .« ((L’2 +9? - 422) v 105Qy-y ({L’2 +9? - 422)

70 14 7 35 35
O30 1q(E), B3 [d)(E)
** gymmetry
X
Yy

** expression

_\/ﬁQum+ V30Qur | V30Quyy | V30Qu.2
10 10 10 10

_V10Quy  V30Quy N V30Quy® L Y300,z
10 10 10 10

032 14(E), 3% [d)(E)
** gymmetry

xr

Y

** expression

3V35Qux (1‘2 +y? - 4z2) V105Q,x (Sm2 —Ty? — 222) V105Q4yy (412 . z2) V105Q .2 (4.1‘2 —y? - z2) V105Q,.xyz
a 70 M 70 * 35 N 35 * 7

_3\/?gQuy (x2 +1? - 4z2) 4 v105Q,y (7.762 —3y% + 2z2) Y 105Q .y (LI?Q — 4y + zz)
70 70

Harmonics for rank 2

352 [q)(Ar)

** gymmetry

N V105Q,.xyz B Vv105Q,,. 2 (:r:2 — 4y + 22)
7 35

35
*

** expression
Qu

A&V q)(Ay)

** symmetry



** expression

VI4Q, (Iz +y* - 222) \/‘EQU (z—y)(z+y) \/@szwy \/‘EszxZ \/EQyzyz
B 14 B 14 - 7 + 14 + 14

2(2,2
@2 [a) (A1)
** symmetry

1,2 y2 9
o gt

** expression

VI4Q, (321 + 62%y? — 242222 + 3yt — 249222 + 821)  5VA2Q, (z — ) (z +y) (2 + y* — 627)
56 168
5vV42Q .y xy (.1“2 +y? - 6z2) 5V42Q .tz (3372 +3y2 — 422) 5vV42Q,.yz (3.7)2 + 3y? — 4z2)
84 84 84

2 (2,-2
& 1gl(BY)
** gymmetry

V3(x—y)(z+y)
2

** expression
Qv

2(2,0

Q7 la)(By)

** symmetry

V3(z—y) (z+y)
2
** expression

\/@Qu (x - y) (x + y) \/HQ” (Iz + y2 — 222) 3\/ﬁszIZ
h 14 + 14 + 14

3V14Q,.yz
14

A&?1gl(B)

** symmetry

V3(z -y (x+y)
2

** expression

5V42Q, (z — y) (z +y) (2 + y* — 62?) N VI4Q, (192 — 1022%y? — 122222 + 19y* — 129222 + 42*)

168 168
5\/ﬁszmy (x—y)(z+vy) 5v14Q,.xz (5x2 —9y% — 222) 5\/ﬁQyzyz (91’2 — 5y? + 27;2)
* 12 * 84 * 84

Q2 lal(B2)
** symmetry

\/gxy
** expression
sz

@ la)(B2)
** symmetry

\/gxy
** expression

VA42Qzy \/ﬁsz (332 T 2z2) 3V14Q,.yz 3\/ﬁQyzxz
7 7 14 + 14 + 14

@52 [a)(B2)
** gymmetry

V3ay

** expression

5v42Qzy (22 + y* — 622) N 5VI4Quzy (z —y) (z+y)  VI4Quy (42 — 2T2?y? + 32222 + 4y* + 3y?2% — 24)
84 12 42
N 5V 14Q . yz (6362 —y? - zz) 5vV14Q, . xz (a:2 — 6y% + 22)
42 42




=(2,—2 =(2,—-2
C2g(E), O% P lq(E)
** gymmetry

V3yz

—V3xz
** expression

Qy=

_sz

(2,0 2(2,0
O al(B). B8 al(B)
** symmetry

V3yz

—V3z2
** expression

VA2Quyz  3V14Quyz N 3V14Q vz N 3V14Q,.ry  VI14Qy: (22% — y? — 2%)
14 14 14 14 14

7\/@Quzz SMQ,@Z 3\/ﬂmeyz _ V14Q,. (502 - 2% + 22) _ 3\/ﬂQyz$y

14 14 14 14 14

(2,2 (2,2
P lal(E), %7 [dl(E)
** symmetry

V3yz

—V3xz
** expression

_5\/@Quyz (31’2 +3y? — 422) N 5v14Q,yz (9952 —5y? + 222) B 5vV14Q,, x> (1‘2 — 6y? + 22)

84 84 42
5v14Q, .y (zz +y? - 622) n V14Q,,. (x4 —32%y? — 3222% — 4yt + 27y%2% — 424)
a 42 42

5vV42Q,xz (31‘2 +3y2 — 4z2) 5V 14Qxz (51’2 —9y? — 222) 5v14Q,yyz (61‘2 —y? - 22)
84 84 42
N V14Q, (4954 +3x2y? — 272222 — yt + 3y22% + 424) n 5v14Q, Ty (I2 +y? - 622)
42 42

Harmonics for rank 3
7(2,—2) A
5 a](A2)
** symmetry
z (3ar2 + 3y2 — 222)
2
** expression

\/ﬁQuz . \/ngz-E . \/5Qyzy
= 3 3

3] 9 ]

Q8 V[g)(42)

** symmetry

z (31‘2 + 3y — 2z2)
2

** expression

B V15Q,z (3r2 +3y2 — 222) B V5Q,z (z—y)(z+y) V5Qu.x (Iz % - 4z2) B \/ngzy (x2 +y? - 422)

- \/ngyxyz -

15 2 20 20

A8 [q)(A2)

** symmetry

K (3372 +3y% — 222)
2



** expression

V330Quz (152 + 30a%y? — 402222 + 15y* — 40y%2% + 82%)  7V110Quz (z — ) (x + y) (2 + y* — 222)  TV110Quywyz (2% + ¢y — 227)

264 88 44
N V110Q .z (9:4 +222y% — 122222 + y* — 129222 + 824) n Vv110Q,.y (z‘l + 202y — 1220222 +y* — 129222 + 824)
44 44

2 (2,-2
5 a(B)
** gymmetry

V1bxyz
** expression

V3Quyz  V3Quy | V3Qu.w
3 = 3 + 3y

@ al(B)
** gymmetry

V15ayz

** expression

V3Quyz (32 + 3y — 222) . VBQuay (307 =29 +32%)  VBQy.w (2% — 3y? —32%)
6 6 6

32 lal(B)
** gymmetry

V1dzyz
** expression

21v22Qxyz (xZ +y? - 222) n 21V/66Qzyz (x —y) (x +y)  V66Qzyz (6:1;4 — 51z%y? + 52222 + 6y* + 5y%2% — 24)
44 44 66
V66Q..y (6:1?4 + 5x2y? — 512222 — y* + 5y222 + 6z4) 4 V66Q, .z (1:4 — 5a2y? — 5a22% — 6y* + 51y%2% — 624)
66 66

Q% [a)(Bz)

** symmetry

152 (z —y) (x + y)
2

** expression

\/ngZ + \/ngzT _ \/gQWU
3 3 3

@ la)(By)
** gymmetry

V152 (2 —y) (x +y)
2

** expression

V3Q,z (3.152 +3y% — 2z2) V3Q..x (xZ —9y? + 6z2) \/?:Qyzy (9.152 —y? - 622)
6 + 12 + 12

Q5 [4)(Bz)

** symmetry

VIbz(z —y) (x+y)
2

** expression

721@Quz (z—vy)(z+y) ($2 e 2z2) N V66Q, 2 (39x4 — 174x%y? — 202222 + 39y* — 20y%22 + 424) . 21V66Quyxyz (z — y) (z + )

88 264 44
V66Q, . (5x4 — 42y — 462222 — 9yt + 669222 + 1224) V66Q,.y (9$4 + 4a2y? — 662222 — 5y* + 46222 — 12z4)
132 132

=2(2,-2 =2(2,-2
G al(E. 1), Bl (B.1)
** symmetry

T (2.762 — 3y? — 3z2)
2



Y (3:1;2 — 2% + 322)
2

** expression

V15Qu L 3VhQue V5Quyy  V5Qu2
10 10 5 5

CVI15Quy  3V5Quy  VBQuyr  V5Qy.z
10 10 5 5

=(2,-2 =(2,-2
G2 al(E,2), B al(E,2)
** symmetry

Vi5z (y — 2) (y + 2)
2

VIby (z — 2) (z + 2)
2

** expression

_qu o \/ng-T + \/ngyy _ \/ngZZ
2 6 3 3

_Quy + \/ngy + \/ngyx _ \/ngzZ
2 6 3 3

(2,0 ~(2,0
OB, 1), B3V [g)(B, 1)
** symmetry

T (2&02 —3y% — 322)
2

Y (3:1:2 — 2% + 322)
2

** expression

B V15Quz (41‘2 — 2132 + 922) N V5Q,x (41’2 —y? - 11z2) N \/EQ,[yy (41‘2 —y? - 22) N V5Quz2 (4:L'2 —y? - 22)

60 20 20 20 = VBQyswyz

\/ngzz (r2 — 4% + 22)
20

V15Quy (21r2 — 4g? — 922) V5Quy (.752 — 4y + 1122) \/gQa,y:v (.752 — 4% + 22)
60 * 20 - 20

2(2,0 2(2,0
@ la(B,2), G lal(B,2)
** symmetry

VIsz (y —2) (y + 2)
2

—V5Qu.xyz —

VIby (z — 2) (v + 2)
2

** expression

Qux (25(:2 — 3y — 322) V3Q,x (23:2 — 3y — 322) \/ngyy (61‘2 +y? - 9z2) V3Qu22 (6x2 —9y? + 22)
4 * 12 * 12 a 12

Quy (3x2 — 2% + 322) V3Quy (31‘2 — 2% + 3z2) \/ngyac (IQ + 6y? — 922) \/ngzz (9102 — 6y% — 22)
B 4 + 12 * 12 + 12

~(2,2 ~(2,2
A% [a)(B, 1), B [q)(E, 1)
** symmetry

T (21‘2 —3y% — 3z2)
2

Y (31’2 — 2y2 + 3,22)
2

** expression

V330Qux (42t + a?y* — 412222 — 3y* + 15y222 + 182%) N VI10Q,x (42 — 27a%y? — 132222 + 11y* + 15y%2% + 427)
264 88

. V110Q .y (8354 — 1222y — 122222 + o* + 29222 + z4) N V110Q .2 (8:174 — 122292 — 122222 + y* + 2222 + z4) N 7V110Q, . zyz (2a72 —y? - 22)
44 44 44

5



v330Q,.y (31:4 — 22y? — 152222 — 4yt + 419222 — 18z4) V110Q,y (11;1:4 —272%y? 4 152222 + 4y* — 13y22% + 424)
264 88
. V110Q .y x (x4 — 122292 + 22222 + Syt — 129222 + 24) TV110Q ., xyz (m2 — 2% + zz) . V110Q,. 2 (x4 —1222y2 4 22222 4 8y* — 129222 + z4)
44 44 44

(2,2 (2,2
%2 [g)(B, 2), B2 [4)(E, 2)
** symmetry

V152 (y — 2) (y + 2)
2

VIBy (@ - 2) (x + 2)
2

** expression

V22Qur (22 + 11a%y? — 312222 + 9y* — 87y%2% + 302%)  V66Qua (22 — 7T32y? + 532222 + 51y — 87y%2% — 122%)

88 264
V66Qzyy (121’4 — 4622y? + 662222 + byt — 4y?2% — 924)
132
N V66Q,.2 (122 + 662%y> — 462227 — 9y* — 4y?2? + 524) N 21V66Q,.xyz (y — 2) (y + 2)
132 44

V22Quy (92 + 112%y? — 872722 4 2y* — 31y22% + 302*) N V66Q,y (5la* — T3x%y? — 872222 + 2y* + 53y%2% — 122%)

88 264
~ V66Qay (5x* — 4622y* — 42222 4 12y* + 66y222 — 9z*) N 21V66Q,.xyz (x — 2) (z + 2)
132 44
V66Q,.2 (92* — 6622y + 42222 — 12y* + 464222 — 524
y
- 132

* Harmonics for rank 4

G la)(4r,1)
** gymmetry

V21 (2% — 322y? — 32222 + y' — 3y?2% + 21)
6

** expression

_ \/%Qu (-’L'Z + y2 - 222) + 3\/EQ’I) (I - y) (CU + y) o \/EQTny - \/EQ:L‘ZIZ . \/ﬁQyzyz
20 20 5 5 5

0% [g)(A1,2)

** gymmetry

V15 (:54 — 122%y% 4 62222 + y* + 6222 — 2z4)
B 12

** expression

CVA2Qu (¢ + 7 - 22%)  3VIQ, (z —y) (x +y) N W14Quyry  V14Qu.1z  V14Qy.yz
28 28 7 7 7

O [)(Ar, 1)

** gymmetry

V21 (154 — 3:L'2y2 — 32222 4+ y4 — 33,/2,22 + 24)
6

** expression

Vv 165Q, (z* — 122%y% + 62222 + y* + 6y%2% — 22%) N VB5Qy (z — ) (z + y) (22 + y* — 627)
66 22
N VB5Qqyay (22 + y* — 622) N VB5Qq.xz (2% — 6y* + 22) - VB5Qy-yz (622 — 2 — 22)
22 22 22

Q" a)(A41.2)
** gymmetry

V15 (x4 —1222y? 4 62222 + y* + 69222 — 2z4)
B 12

** expression

V231Q, (83* — 332%y? — 152227 + 8y* — 15y%22 + 5z*) N VTTQ, (z — y) (z +y) (22 + y* — 622)
231 77
N ﬁwamy (x2 +y? - 6z2) B VTTQusxz (163:2 —33y% — 522) . \/ﬁQyzyz (33.7)2 —16y% + 5z2)
14 154 154

6




Q% [)(Ar, 1)

** gymmetry

V21 (1’4 —32%y% — 32222 +yt — 322 + 24)
6

** expression

V15015Q,, (mG — 152422 4+ 15222* + 8 — 159%22 4 15y%2* — 226)

572
n 3v5005Q, (z — y) (z +y) (2 — 922y? — 5a22? + y* — 5y?22 + 524) N VB005Q,zy (Tt — 1922y* — 132222 + Ty* — 13y222 + 1324)
572 286
n V5005Q ;.2 (7274 —1322y% — 192222 + 13y* — 13y22% + 7z4) n Vv5005Q,.yz (13$4 — 1322y — 132222 + Ty* — 19y222 + 724)
286 286
G a)(A1,2)
** symmetry
V15 (x4 —1222y? 4 62222 + y* + 69222 — 2z4)
12
** expression
VA29Q,, (2 + 452%y* — 602722 + 4522y — 5402%y?2? + 1502227 + y® — 60y 22 + 150y%2* — 2025)
B 1144
~ 21V143Qu (2 —y) (z +y) (z% — 2022y? + 62222 + y* + 6y%2% — 62%)  TV143Quyry (2f — 42?y® + 20%2% + ¢t + 227 — 227)
1144 52
N 7V143Qq. 22 (at + 5622y — 222222 — 11y* — 34y222 + 102*) _ TV143Qy:yz (11z* — 562%y? + 342222 — y* + 229222 — 102%)
572

572
02 [q)(Az)

** gymmetry

V35zy (z —y) (z +y)
2

** expression

\/6621)1'?/ + \/ész (-L - y) ('L + !/)
2 4
@ [g](42)

** symmetry

V/35zy (x—y)(z+y)
2

** expression

VIQuay (x —y) (x +y)  V33Quay (2 +y? — 622)
B 11 + 22
V33Quy (x—y) (x+y) (22 + 4% — 62%)  TV33Qu.yz (32% —y?)  TV33Qy.xz (2? — 3y?)
+ 44 + 44 + 44

AL [g)(A2)

** symmetry

V35zy (z —y) (z +y)
2

** expression

9v1001Quzy (z — y) (x + y) (#* + y* — 102?) N V3003Quzy (252" — 82z%y? — 42222 + 25y — 4y?2? + 42)

572 572
V3003Quy (2 — y) (z +y) (20* — 2922y + 2222 + 2y* + 3222 — 2*)
286
N 3v3003Q,.yz (8£L‘4 —132%y? — 32222 +y* + y222) 3v/3003Qy vz (x4 — 1322y? 4 2222 + 8yt — 3y222)
286 286

0 lal(By)
** gymmetry

V5 (x—y) (z+y) (22 + y* — 622)
1

** expression

3VIAQ, (z —y) (z +y)  VA2Qu (22 +y? —22%)  VA2Q..xz  VA2Q,.yz
- 28 + 28 -7 Tt

7



@ la)(By)
** gymmetry

Vb (z —y) (x+y) (2% + y* — 622)
4

** expression

VTTQu (z —y) (z 4+ v) (;L'2 +y? - 622) N Vv231Q, (2:1:4 — 322y% — 92222 + 2yt — 9y 4 324)

77 77
N M231waxy(x4—y)(x4fy)__\/231szzz(2x2—733y2ﬁf922)__\/231Qy2y2(33xz4—2y24—9za
22 154 154

@2 [a)(By)
** gymmetry

Vb (z —y) (x+y) (2% + y> — 62°)
4

** expression

21V143Qu (z — y) (z + y) (z* + 22%y? — 162222 + y* — 16y222 + 162%)

1144
4_\/429(&,(13x6——45x4y24—150x4z24745I2y44—540z2y2224760mzz44713y6—7150y422%760y22447826)
1144
21V429Qqyay (x — y) (z +y) (22 + 3> — 102%)  7TV429Q,.wz (Ta* — da?y? — 222727 — 11y* + 26y%22 + 42*)
+ +
572 572
+_7d429Qyzyz(11m44F4r2y2——26x2z24—7y44k22y2224—424)
572

35 [4)(B)

** symmetry

Vbay (,772 +y? - 622)
2

** expression

3\/ﬁQumy \/@wa (-TQ + 92 - 222) \/‘EszyZ \/EQszZ
u 28 L

@ [a)(B2)
** gymmetry

Vhry (22 + y? — 622)
2

** expression

_ZﬁQuIy (I2 +9? - 622) _ V231Quzy (z—y)(z+y) v 231Qqy (I4 + 3022y — 362222 4+ y* — 36y%2% + 1224)

77 22 308
+VQMQ“yz@%973M2+1&a__VZHQsz@hng%Qfl&ﬂ
308 308

Q2 [a)(B2)
** gymmetry

Vhry (22 + y? — 622)
2

** expression

21V143Quay (x* + 20%y? — 162222 + y* — 16y222 + 162%)  21V420Q, 2y (z — y) (x + y) (22 + y* — 102?)

572 572
4_\/429(2xy(2z64—15x4y24—15I4224715x2y447180x2y22247151224472y6——15y4z24—15y2244k226)
286
TVA429Q) . yz (8,7:4 + 7x2y? — 232222 — yt + 22 + 224) N TV429Q, . rz (.7:4 — Ta?y? — 2222 — 8yt + 239222 — 224)
- 286 286

7(2,-2 =(2,-2
Qe 1), A%l (E, D)
** gymmetry

V3byz (y — 2) (y + 2)
2

7\/£xz(x—z)(x+z)
2




** expression

73\/§Quy2 \/ngyz + \/6Qyz (y - Z) (y + Z)

4 4 4

3\/§Qu$z _ \/anl‘Z _ \/éQ‘LZ (x _ Z) (.CL‘ + Z)
4 4 4

0% la(B,2), O P ldl(E,2)

** gymmetry

V5yz (6:102 . z2)
2

NG (332 — 61/2 + z2)
2

** expression

3\/ﬁQuyz 3\/‘EQuy2 \/EQJ:y-/L'Z \/Elely \/EQyz (212 - y2 — Zz)
28 + ST 7 + 7 + 28

3WV14Quxz | 3VA2Q,x2  VA2Quyyzr  VA2Qu. (#7 — 207+ 27)  V42Q,.y
R 28 B

2(2,0 2(2,0
@ al(E, 1), O lal(B. 1)
** gymmetry

V35yz (y — 2) (y + 2)
2

35zz (v — z) (z + 2)
2

** expression

V11Quyz (18x2 +11y2 — 1722) n V33Quyz (6:1:2 —15y% + 1322) n TV33Qqy 12 (Sy2 — 22)

44 44 44
N 7V33Q..zy (y* — 32?) 3 V33Qy: (y — 2) (y + 2) (63% — y? — 2?)
44 44

V11Quzz (112® +18y* — 172%)  V33Quaz (152 — 6y° —132%)  TV/33Quyy= (327 — 2%)

44 44 44
le‘Z (73 B Z) (T + Z) ('7"2 — 692 + 22) 7\/§Qyz$y ('7"2 — 322)
44 44

0% 4(B,2), % [4)(E,2)
** gymmetry

Vbyz (6:):2 —y? - 22)
2

NG T (1:2 — 6y + 22)
2

** expression

fﬁsz@Mﬁ—Q@ﬂ+lhﬂ<+MZHQMZQM¥+3f——Hf)+\Q$Qmmzu&?+3%2—3b%

308 308 308
+«%u%ﬂy@&2—mf+3%ﬂ_\mmgwUmé—%ﬂf—3m%2+¢+3%%2+f)
308 308

VTTQurz (25(52 — 24y? — 1722) . V231Q,xz (3102 + 2492 — 1122) V231Qzyyz (3912 +18y? — 31z2)
308 308 308
V231Q (x4 — 3622y? 4 302222 + 12y* — 36y%2% + z4) V231Qy.zy (31x2 — 182 — 39z2)
* 308 + 308

2(2,2 =(2,2
(B ), OB, 1)
** symmetry

V35yz (y —2) (y+ 2)
2

_\/ﬁmz(mfz) (x+2)
2




** expression
3v1001Quyz (221 + 132%y? — 172227 + 11y* — 41y%2% 4+ 142%)  V/3003Quyz (20* — 4722y? + 432222 4+ 17y* — 41y222 + 824)

572 572
3v3003Q 2 (33:2y2 —x22% — 8yt + 133222 — 24) 3v3003Q .y (x2z 2 - 32222 4yt — 13y222 + 8z4)
286 286
N V3003Qy. (y — 2) (y + 2) (2 — 2?y? — 2222 — 2y + 299222 — 224)
286
3v1001Q,zz (112t + 1322y? — 412222 + 2y — 17y222 + 142%)
572
V3003Quwz (172 — 472%y? — 412222 + 2y + 43y222 + 82%)  3V/3003Quyyz (82 — 322y? — 132222 + y?2% + 24)
572 286
N V3003Q.: (z — 2) (z + 2) (22 + 22y® — 292222 — y* + y222 + 224) N 3v/3003Qy.zy (2t + 2%y? — 132222 — 3y222 + 824)
286 286

2(2,2 2(2,2
A7 a(B.2), O (B, 2)
** symmetry

V5yz (6x2 —y? - 22)
2

NGLZ (r2 — 6y? + 22)
2

** expression
21v143Qyz (8r4 + Ta?y? — 232222 — yt + 222 + 224) n 21v429Q,y= (81‘4 — 1322y — 32222 + y* + y222)

572 572
7\/@(2,;1,332 (2x4 —2322y% 4 2222 + Syt + Ty?2? — 24) 7\/@@”@; (2x4 +22y? — 232222 — yt + Ty%2% + 824)
a 286 - 286
@Qyz (2:{:6 — 152%y? — 152422 — 152%y* + 18022y222 — 152224 + 2¢% — 15y*22 — 159224 + 226)
* 286
21V143Q 2 (:L'4 — Tx?y? — 2222 — 8yt + 23y%22 — 224) N 21V429Q, 2z (:L'4 — 1322y + 2222 + 8y* — 3y222)
572 572
TV429Q ., y> (81'4 — 232292 4+ 72222 + 2yt + 222 — 24)
* 286
V429Q,.. (23:6 — 152%y? — 150422 — 1522y* + 18022y222 — 15222% + 2¢% — 15y12% — 159224 + 226)
a 286
7\/@Qy2$y (x4 —x2y? — 72?22 — 2yt + 239222 — 824)
286

10



