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Table 1 Harmonics for rank 0.

No. multipole expression

1 Go(A1) 1

Table 2 Harmonics for rank 1.

No. multipole expression

2 G171 (T1) x
3 GLQ (Tl) Yy
4 (G173 (Tl) z

Table 3 Harmonics for rank 2.

No. multipole expression

5  Gou(E) —% — %422
6 Gap(p) YHrputy

7 Go1(To)  3yz

8 Goa(Ty) 3ez

9 Gos(Ty) 3y

Table 4 Harmonics for rank 3.

No. multipole expression

10 G3(4As)  V1bzyz

.'17(2:1)2 —3y2 —322)

11 Gs,1 (T1) .
12 Gao(ry) M)
13 Gss(Th) 72(’5124-32&
14 Gsa(T2) w
15 Gso(Tn) _M
16 Gs3(T») M




Table 5 Harmonics for rank 4.

No. multipole expression
17 Gy(4y) (U eoa )
18 Gui(E) - ‘/ﬁ(z4*1212y2+6z12;2+y“+6y2z2—2z4)
19 Gap(E) \/5(x—y)(1+yi(mz+yz_622)
20  Gu(Ty) Lousawr)
21 Gyp(Th) 7%
22 Gus(Th) w
2 Guy(Ty) Rl
2 Gun(Ty) —Lwir)
25 Gu(Tr) —w
Table 6 Harmonics for rank 5.
No. multipole expression
26 Gsu(E) EmEonlety)
2 Gy LTl
28 Gsq(T1,1) 1(814740@2y274Oz2z;+15y4+30y2Z2+15z4)
29 Gsa(T1,1) y(1514—4Oz2y2+3012;2+8y4_40y222+1524)
30 Gss(Ti,1) z(15ac“+30x21/2—4012;2+15y4,40y2z2+sz4)
0 Gy(Tyz) LI )(es)
32 Gsao(T1,2) 3\/%’&1(91:2721%7822)(162+21:z7z2)
33 G53(T1,2) 3 352(1272my,:2)(12+21y7y2)
34 Gs5.1(T2) 105m(y—z>(yzz)(m_yz_zz)
35 Gsa(Th) \/m:‘/(zfz)(ztlz)(zzfgy2+z2)
36 Gya(Ty) V(o)




Table 7 Harmonics for rank 6.

No. multipole expression

37 Ge(4
38 G4y
39 Geal
40  GeoE
A1 Gea(Ty
42 Gga(Ty
43 Ges(Ty
44 Gy (T,
45 Gea(Ty
46 Ggs(Ty,
47 Gea(Ty
48 GgaoTh,
(

49  Geps

)
)
) 4
)
)
1

\/§(Zz6—15w Yy 2152122 —1522 n +180x21/2z2715z2z4+2y —15y%z 7151/2z4+2z(’)
8
_ V2310(z—y) (z+y) (z—2) (z+2) (y—2) (y+2)
8

vV 14(1‘6715az4z2+15x2z4+y6715y4z2+15y2z472z6)

8
\/42(z7y)(z+y)(147912y2751222+y475y2z2+5z4)
8
3\ﬁyz(y—z)(y+z)(1012—y2—22)

3VTzz(x—2)(z+2) (12710y2+z2)

4

_ 3VTay(z—y) (z+y) (2%+y>—102%)
4
\/m.yz(yzfiizz) (3y27Z2)

16
462 12(1273Z2)( 22)

4621‘/(1273‘/ )(315273/2)

(
16
10r2(14—161 Y +21 z +16y —16y z +z )
(

16
V210zy(z* 4222y — 1622 22 +y* 16y2z2+16z4)
16

)
)
)
) V210yz(162 71612y2 162722 +y" +2y%27+2%)
)
)

Table 8 Harmonics for rank 7.

No.  multipole  expression

50 G7(As) m192(324*512y2—5;222+3y4,5y222+324)

51 G771(E) — ﬁwyz(w*g)(“’t’f)(3~’l72+3y2710z2)

52 G7’2 (E) _ \/ﬁzyz(f&ﬁ*72012y2+1(i1222+3y4+10y2227624)

53 Gra(T1,1) 1(16'176_168'7’4”2_168‘”422+210-7>2y4+420121’12622+210.1;224—35y6—105y422—105y224_3526)
54 Grao(Th,1) _ (3520 21001y +1050" 21682y *42012u1‘6z2+105z 2116y +168y* 2% ~210y2*4352°)
55 Gr3(Th, 1) 2(352% +1052%y? ~2102% 22 41052y _42012?!12622‘*'1681 24 435y° —210y* 22+ 168y%=* —162°)
56 Gri(T,2) 231$(1OT2731]273Z2)(UQ*QUZ*ZQ)(y2+2yz722)

57 Gro(Th,2) _ V2Iy(e® 202 22)(1 +2Lz %) (32% 104> +327)

58  Gr3(T1,2) \/ﬁz(“r —2zy—y*) (> +21y y*) (3% +3y>—10z?)

59  Gr1(Ty,1) ‘/mﬂﬁ(yﬁ)(yﬂ)(yzg;zlyzﬂz)(y2+4yz+22)

60 ([},7,2(1127 1) o \/Wy(:n—z)(:t-%—z)(m23_24m+22)(xz+4mz+22)

61 Grs(T5,1) \/Wz(zfy)(zﬂ/)(125;4zy+yz)(12+41y+y2)

62 (G,?J(TQ’ 2) \/Ez(y—z)(y-%—z)(4814_809523,;2_801222+15y4+30y222+1524)

63 G7,2(T27 2) _ my(xiz)(I+z)(151’47807521{;;3012Z2+4Sy4—80y2z2+15z4)

64 Gr3(Ty,2) mz(z*y)(zﬂ/)(lf’f+3012y;;801222+15y“—80y2z2+4824)




Table 9 Harmonics for rank 8.

No. multipole expression
33(.’1:8—14:1:6y2—14.’1:6224—35:1:4y4+35:1:4z4—14:1:2y6—14:1:2zs+y8—14y622+35y4z4—14y226+28)
65 Gg(d) Y :
286(2® —142°%y® —142°22 42102 y? 2> — 1422y + 21027y 22 — 42022y > 2" + 2827 20 +¢° — 14y ° 27 + 28y 20 —22°)
66 Ggi(F,1) ]
\/858(m—y)(z+y)(162+y2—1422)(:r2—4my+y2)(z2+4zy+y2)
67 Ggpo(E,1) — o1
V210(2® —622%y° +342° 2 +1602" y* —302* y 22 — 802" 2* —622°y° —302°y* 22 +602%y* 2* +282% 2% +1°+34y° 2> — 80y 2* 428y %20 —22°)
68 Gsi(E,2) -
3\/70(z—y)(z+y)(z6+314y2—301422+312y4—6012y222+80z224+y6—30y422+80y224—3226)
69  Gso(E,2) - o
3VTI5yz(y—2) (y+2) (v —2yz—22) (v +2yz—27)
70 Gsi(Th,1) -
3VT15zz(z—2) (x+2) (2% =222 —22) (2?4222 — 22
1 Gsa(Tr,1) - (2022 )
3VT15zy(x—y) (z+y) (22 —22y—y?) (2?2 + 20y —y?
72 Gya(Ti1) Y (& 20y =")( )
3VTTyz(y—2) (y+2) (402? —242%y? 2422 22 4y +2y2 22 4 2%
73 Gsa(T1,2) ( 16 :
3VTTxz(x—z)(x+2) :z4—24:1:21/2+2:z222+40y4—24y222+z4
74 Ggpo(Th,2) — ( 16 )
3VTTry(z—y) (o+y) (2t +2202y% —2422 22 +y* —24y2 22 44024
5 Gea(Th,2) (207 )
858yz 1;2—3,22 3y2—22 14x2—y2—22
6 Geu(T1) Y ( ) s ) )
858wz(w273z2) 31’27z2)(w2714y2+z2)
T Gaa(T1) — (32
V858zy (22 —3y?) (322 —y?) (22 +y% —1422
8 Gea(Th,1) — ( X l ) )
3v70yz(324% —80x4y? —802% 2243002 y* +6022y2 22 43022 2% —yb —3y* 22 —3y2 24 —2©
79 Gyo(Ty2) T o )
3v70zz (2% =30zt y? +351 2248022 y* —6022y? 22 + 322 21 —32y% 480y 22 —30y2 21 4-2°
80  Gga(12,2) - ( 3 :
3v70zy (84324 y? —30x* 22 + 322 y* 6022y 22 48022 2%+ —30y* 22 480y 2 24 —322°
81 Ggs(12,2) - ( 3 )




Table 10 Harmonics for rank 9.

No. multipole expression

/5105102y z(2—y) (-t y) (z—2) (a-+2) (y—2) (y+2)
8

82 Go(A)
330:)71/2(6:)76—2111:4y2—21:10422—21:E2y4+140:1:2y222—21:1:2z4+6y6—21y4z2—21y2z4+626)
83 Go(dy) Y -

V4290zyz(z—y)(z+y) (3z'171112y2 — 72222 4-3y* 77y222+7z4)

84 Gg,(E) =
3v14302yz 16—7z4zz+71224+y6—7y422+7y224—226
85  Goo(E) ( : )
1(1289087230490611272304zﬁz2+604814y4+12096x4y2z2+604814z47336012y(’71008012,1/4,22710080121;2247336012z“+315y8+1260y6z2+1890y4z4+12()‘0y2z6+315z8)
86  Goa(T1,1) 128
y(SlSzB—336016y2+126[)z622+6048z4y4—10080x4y222+189()z4z4—230412y6+12096x2y422—1008012y224+12601225+128y8—2304y622+6048y4z4—3360y2z6+31528)
87 G9,2(T17 1) 128
z(315z8+1260w6y273360w6z2+18901’4y4—10080w4y2z2+6048x4z4+12601’2y6—1008012y422+12096az2y2z4—2304a:2zc‘+315yg—3360,1/6z2+6048y4z4—2304y2z6+128z8)
88 Gos3(T1,1) 128
12155z y474y3Z76yzz2+4y23+24 y4+4y3Z76y2z274yZ3+z4
89  Go,1(T1,2) ( 128 X )
3V 12155y .’1:4—4.’1:3z—6.7;2z2-%—4:1:zs-f—z4 [E4+4[IJ32—6.'L'222—41'23+Z4
90 G972(Tlv 2) ( 128 )( )
3v12155z2 (2t —4z®y—622y? +4xy® +y*) (2 4423y —6a2y? —day® +y*
9l Gos(T1,2) ( ) )
3v50052 (y? —2yz—22) (y?+2yz—22) (82 —8x2y? —8x2 22 +y* 42y% 22 424
92 G971(T1,3) ( It gg )
3\/50051}(1272zzfz2)(z2+2zzfz2)(9:478z2112+212z2+8y478y222+z4)
93  Go2(T1,3) 61
3\/50052(12—2xy—y2)(12+21y—y2)(z4+2z2y2—8z222+y4—8y222+824)
94 Ggyg(T1,3) 64
4290w(y*2)(y+z)(14w273y273z2)(y274yz+z2) y2+4yz+z2)
05 Goy(Tn,1) ~ = (
V4290y(z—z)(z+2) 22 —dzz+2?) (22 +4z2+22 312714y2+3z2
96 Gg2(T2,1) ( 64)1( X )
4290z (x—y) (z+y) (2? —dzy+y?) (2?2 +azy+y?) (322 +3y% — 1422
97 Gos(Tr,1) - ( 62( X )
3\/1IOz(yfz)(erz)(3216711214y2711214z2+7012y4+14012y2z2+7012z'177y6721y422721y2z477z6)
98 Go1(T>,2) o1
3vT10y(z—2) (z+2) (720 —702*y> +212 22 1120 y* — 14022y > 2 +212% 24 —32y5 +112y* 22 70y 24 +729)
99 Gopo(T>,2) 64
3\/110z(zfy)(z+y)(7z6+21z41/277Oz4z2+2112y47140z2y2z2+11212z4+7yf’7701/4z2+112y2z4732z6)
100 Go3(72,2) — o1




Table 11 Harmonics for rank 10.

No.  multipole  expression
101 Glo (Al) @(21‘107451:8y27451'8z2+42w6y4+1008w6y2z2+42x6z4+421:4y6—1260w4y4z271260304,1/2z4+42w4z6;645w2ys+1008w2sz271260w2y4z4+1008w2y2z6745a:2z8+2yw745ysz2+42yf’z4+42y4z6745y2z8+2z10)
102 Glo(AQ) _ \/m(zfy)(z+y)(zfz)(z+z)(yfz)(y+z)2(31471112y27111222+3y4711y222+3z4)
103 G10,1(E, ) - \/420189(22;E10+45:,;8y2_1035.18;2_105;565,4_630;1,6y2z2+4935;n624_105;z4y6+315om4y4z2_1575m4y224_4830m:z569§35;,,2y8_63%2”622_1575,ﬂzy4z4+1260”,2y226+990:,,2zs+22y10_1035ysZz+4935ysz4_4830y4ze+990y228_44110)
104 Guoa(E,1) VI40063(z—y) (w+y) (222° —6532°y> —3152° 22426022 y* —9452y? 2> +1575a" 2 —6532%y° — 94527y 224315027y 21 —16802% 2°+22y® —315y° 22 +1575y" 2* —1680y°2° +3602°)
) ) 11984
105 Gio 1(E 2) \/m(wa—QngyQ—39.1;822+224a06y4+1344:c6y222—42:z624+224m4y6—672Oz4y4z2+336014y2z4—182:0426—9612y8+1344:c2y622+336O.1;2y424—2688.1:2y226+135.7:228+3y10—39y822—42sz4—182y426+135y228—6210)
) ) - 23968
106 Gioa(E,2) \/m(zfy)(aﬂry)(%cxf16516,1;272311(’z2725z41/4+3801:54y2z2+40()‘z4z4712(§;228y6+380112y4z27967412y2z4+266zzz“+91]87231y5zz+406y4z4+266y2z5757z8)
107 Gloyl(Tl, 1) \/myz(y—z)(y+z)(1812—y23—222)(y2—2yz—22)(y2+2yz—z2)
108 Gl())g(Tl, 1) \/sz(z'fz)(1:+z)(w2718y2;z2)(1:2—2wzfz2)(:£2+2:rzfz2)
100 G 1)~ I )y ) )
110 Glo 1(Tl 2) \/Myz(y—z)(y—f-z)(112:1:6—168.714112—168:1:422+42:1:2y4+84:1:2y2z2+42:1:2z4—y6—3y422—3y2z4—z6)
) ) 32
111 Glo 2(T1 2) V214522 (z—2) (z+2) (zs74214y2+314zz+168z2y478412y222+312247112y6+168y4z2742y2z4+z6)
s ) 32
112 Glo 3(T1 2) \/mgcy(m—y)(x-%—y)(zﬁ+3.1;4y2—42x422+3z2y4—84z2y2z2+1681224+y6—423/422+168y2z4—11226)
» - 32
113 Gw:l (Tp,1) Vvl 10 ) o o4 )
114 G1072(T27 1) \/mzz(x4—IOIQZQZ-EZZ‘I)(514—10x222+z4)
115 Guoa(Ty,1) Y2l 0t B ) (100 )
\/Wyz(yzf3zz)(3yzfz2)(2241479612y27961222+3y4+6y222+324)
116 G10,1(T2,2) 256
4290z 2 (:112—322)(3.1;2—22)(3:1:4—96:1:2y2+6:1:222+224y4—96y222+3z4)
117 Gio2(13,2) 256
\/Wﬂcy(zsziyz)(ISzzfyz)(3z4+612y279612z2+3y4796y222+224z4)
118  Gio,3(T2,2) 256
119 GlO,l(T27 3) \/ﬁyz(384zs—179216312—1792.1:622+168071241/4+3360x4y222+1680’z4z4—336122316—1008.7:2y422—1008.7:2y224—3361226+7y8+28y622+42y4z4+28y226+728)
120 Gw,z(Tz, 3) 1651,2(718733690[’7/2+28x6z2+16809:4y47100814_1/2z2+42z4z47179212y[’+132386012y4z271008z2y224+2812z6+384y871792;/6z2+1680y4z47336y226+7z8)
21 G V165zy (725 4282y —3362° 2% +422% y* — 10082y 2° +1680a" 2* +2827y% — 100827 y* 22 433602y 2* — 179227 26+ Ty® —336y° 2° + 1680y * 2* — 1792y 26 +3842%)
10,3(12,3) 128




Table 12 Harmonics for rank 11.

No.  multipole  expression

V2431zyz(52° —302°y” —302° 2% +632" y* +632" 2* —3027y® —302° 24+ 5y° —30y° 2* +63y* 21 —30y° 26 +52%)

122 G11(A2) 3
\/692835wyz(1:—y)(1'+y)(1'2+y276z2)(2272551171/2)(124»21'3/71/2)
123 Gna(E,1) - D
V230945zyz 1876161/2761;622+4214y2227612y6+4212y42278412y224+121226+y876yszz+12y2267228
G
124 1n2(E,1)  — =
3V 1001:ﬂyz(:1:—y)(:n+y)(5:E6+15:E4y2—70:1:4z2+15:1:2y4—140:z2y222+168:1:2z4+5y6—70y422+168y224—8026)
125 Guna(E,2) - 5
V/3003zyz (528 —1502°y2 49025 22 +33621 y* =702 42 22 —1682% 24 — 15022 y® — 7022y 22414022 y2 2 +6022 26 + 515 +90y° 22 —168y* 21 +60y? 26 —102°
G
126 12(E,2) — E7)
127 Guia (T 1) (256210 —70402%y* —70402° 2% +316802°y* +633602°y> 22 +316802° 2% —369602 y© — 110880 y* 2° — 1108802y > 2* — 369602 26+ 115502 y® +4620022y° 22 46930022 y* 2* +462002° y? 26 + 1155022 25 —693y ' — 3465y ° 2% — 6930y ° 2* — 6930y 2° — 3465y 2° —6932"°)
11,1(L1, 256
128 G (T 1) y(693z“)7115509@8y2+34659@8z2+369609@6y4746200906y2z2+6930z(’z4731680904yﬁ+110880:c4y4z276930014,1/2z4+6930x4z(’+704012y876336012y(’z2+11088012y4z47462009:2y2z6+3465902z&7256y1"+7040y8z2731680yﬁz4+36960y4z6711550y2z&+693z“')
11,2(41, - 256
1209 G (T 1) z(693110+346518y2—11550xszz+693016y4—4620016y222+369601624+6930x4y6—69300x4y4z2+11088014y224—31680x4z6+346512y8—4620012y622+11088012y4z4—6336012y226+7040x228+693y10—11550y822+36960y624—31680y426+7040y228—256210)
11,3(4L1, - 256
V692835 (6% —y* —2°) (y* — 4y’ 2= 6y 2" +4y="+2*) (y* +4y°2—6y* 2> —4y2°+2")
130 Gy11(T1,2) ) 256
692835y 1276y2+22 14741327612,22«{»41234»24 14+4z3276z2z274zzs+z4
181 Gua(Tnz) YT ) ta0045")( )
6928352 :1:2+y2—6z2 .'1:4—4.'/1:33/—6:1:2y2-l—4:lrys-%—y4 :1:4+4;1:3y—6:l;2y2—4.7;y3+y4
192 Goa(T2) Y o) i) )
3v1001x(y? —2yz—2%) (y> +2yz—2*) (802° —1682" y> — 1683 22+ 7022y " + 14027y 22 + 7022 2" —5y° —15y* 22— 15y 2" —52°)
133 G111(T1,3) 138
3v1001y (2% —202—2 ) (2% +222—27) (525 —702*y* + 152 22 41682 y* — 14027y > 2%+ 152° 2* 80y +168y* 2> — 70y 2" +52°)
134 G1172(T1.,3) - 198
3\/10017,(1272zy7y2)(12+21yfy2)(5164»15141/277014z2+15x2y4714012y2Z2+16812z4+5y6770y4zz+168y2z478026)
135 G 3(Th,3) — 198
vV 19399381(y—z)(y+z)(y4—4y32—14y222—4yz3+z4)(y4+4y32—14y222+4y23+z4)
136 Gi11(T%,1) 512
vV 1939938y(1:—z)(1:+z)(w4741:3zf14w2z2741‘z3+z4)(1:4+4z3zfl41'2z2+4zz3+z4)
137 Guip(T2,1) — 512
1 G T 1 V4 19399382(zfy)(z+y)(1474zay71412y274zy3+y4)(14+4zay71412y2+4zy3+y4)
38 11,3(T2,1) 512
% 14586:1}(y—z)(y+z)(y2—4yz+z2)(y2+4y2+22)(224:1:4—16O:ﬂ2y2—160:1:222+15y4+30y222+15z4)
139 G11,1(T%,2) i3
VI4586y(z—2) (v+2) (2 —4wz+22) (2° +4wz+22) (152" — 1602y + 3022 2> +224y* —160y°2° +152*)
140 Guyz(Tg,z) - 512
V4 145862(.1:—y)(:z+y)(:t2—4my+y2)(12+4xy+y2)(15:c4+3012y2—160:):222+15y4—160y222+224z4)
141 Gu1,3(T»,2) =15
\/2145z(y—z)(y+z)(1281877681%,27768z“z2+1oosz4y4+201614y2z2+1008x4z473369521,“7100812;,%27100812y%“7336125‘+21ys+84y“z2+126y4z4+84y2z“+21z8)
142 Gllyl(TQ,B) 256
w/2145y(z—z)(z+z)(2118—33616y2+84z622+100814y4—100814y222+126x4z4—76812y6+201612y422—100812y224+841226+128y8—768y622+1008y4z4—336y2z5+2128)
143 Gll(yQ(TQ, 3) - 256
\/2145z(1r7y)(:L'+y)(21w5+84w63/273361:5z2+126w4y47100814112z2+1008w4z4+841‘2y671008x21/422+20161:2y2z47768a:2zc‘+21y87336y6z2+1008y4z47768y2z6+128z8)
144 Gy 3(T%,3) 556




