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Table 1 Harmonics for rank 0.

No. multipole expression

1 Qo(A1) 1

Table 2 Harmonics for rank 1.

No. multipole expression
2 Q1(4y) z
3 Qi1(E) =z
4 Qi2(E) y

Table 3 Harmonics for rank 2.

No. multipole expression

5 QA) -T2
6 Qo1(E,1) 3zz

7T Q22(FE,1) V3yz

8  Q@i(E,2) 3y

9 Qua(E,2) \/3(17,12/)(904&/)

Table 4 Harmonics for rank 3.

No. multipole expression

z312+3 2_222
10 Qs(41,1) —¥

11 Q3(41,2) ;
12 Qudy) =)

13 Qsq.(E,1) - ‘/61(1'2-21/2—422)
14 Qs92(E,1) — \/Ey(gc2zy2,4zz)
15 Qsq(E,2) 15ayz

16 Qsp(E,2) YBxz-@iy




Table 5 Harmonics for rank 4.

No. multipole expression
17 Qu(An1) 34 30 _p2:2 4 ML 32,24
18 Qu(A1,2) w
19 Q4(A2) w
20 Qui(E1) - YIOw(lioi)
21 Qua(E,1) ,M
22 Quq1(E,2) _%
23 Qu2(E,2) \/%(1272zy*y82)(z2+21y—y2)
2 QB3 - Ymlehioes)
25 Qua(£,3) - ﬁ(17y)(z+yi(12+y2*622)
Table 6 Harmonics for rank 5.
No.  multipole  expression
26 Qs(Ap,1) 2(151”301292*401222+15y4—40y2z2+324)
27 Q5(A1,2) - my(&’”z—yzl)e(m%y’f’—sﬁ)
28 Qpdy) VP (tosst)
29 Qs (E,1) Y0t )
30 Qs2(E,1) — Smy(5141610w21/2+y4)
31 Qs1(£,2) \/ﬁz(zA+212y2*12z:z2+y4f12y2z2+824)
32 Q52(E,2) \/ﬁy(w4+2“’2y2’12*’”;22+y4712y2z2+8z“)
33 Qsq(E,3) —2ewluty)
34 Qs2(£,3) 3&2(‘”2_2"”’_:2)(-’”2+2ﬂ>y—y2)
35 Quy(E4) -0t
36 Qua(E,4) — YTt 2)




Table 7 Harmonics for rank 6.

expression

37
38
39
40
41
42
43
44
45
46
47

6

2,22

5 15zy? 5zi22  152%y* | 4527y
—6 16y Jr403682 B 16y + 4y
VA62(z—y) (z+y) (¢° —dzy+y°) (2* +4zy+y°)

32

\/myz(&chyQ)(3:r2+3y278z2)

16
\/@Zy(zzfiiyr‘))(iiz?fy?)
16
\/marz(:cz—liyz)(33:2+3y2—822)
16
3 154zz(z471012y2+5y4)
16
3\/ﬁyz(514—1012y2+y4)

16
\/ﬁwz(5w4+10x2yz72012z2+5y47201/2z2+8z4)
8
\/ﬁyz(514+1012y272012z2+5y4720y222+824)
8

S\ﬁzz'y(affy)(w+y)(a:2+y2710z2)

5y6 45y422 _ L‘%y"’z4 6
T 7tz

4
3\ﬁ(zz+y2710z2) (1272zy7y2) (12+21y7y2)
- 16

Vv 21Omy(m4+212y2 —161:222+y4—16y222+1624)
16
\/210(zfy)(z+y)(z4+212y271612z2+y4716y2z2+1624)
32

Table 8 Harmonics for rank 7.
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expression
(35241052 y* —2102* 2% +1052°y* —4202°y” 2° +1682° 2% +35y° —210y* 2° +168y° 2* —162°)
- 16
V60062 (z—y) (z+y) (2% —day+y? ) (z* +day+y?)
32
V21y(32° —y® ) (32" +62°y> —602° 2° +3y* —60y> 2°+802")
32
\/6006myz(:n2—3y2)(312—312)
16
\/211(1273y2)(314+612y276012z2+3y4760y222+80z4)
32
129z (2% —212y” +3527y* —7y%)
32
\/4291/(71‘673514y2+21x2y4—ys)
32
_ 231z (2% +y® —122%) (z* — 102y +5y*)
32
\/231y(w2+y2712z2)(5:L'4—10a:2y2+y4)
32
V7x (5204152 y> — 1202 22 41522y " — 24027y 22 +2402% 2" +5y° —120y" 2% +240y> 2* —642°)
- 32
y(5x”+15x"y~ — " 2" +15x"y" — Yy 2"+ :nlz-f—y— Yy 2o+ 'y~ z" —64z
VTy (52041524 y? —1202* 22 + 1522 y* — 24022y 22424022 24 +-5y° —120y* 224240y % 2* —642°
B 32
\/231zyz(zfy)(z+y)(312+3y2710z2)
1
\/2312(12—2zy—y2)(12+21y—y2)(312+3y2—1022)
- 16
VA2wyz (152" +302%y° —802° 2> +15y* —80y° 2> +482")
16
\/422(zfy)(z+y)(1514+3012y27801222+15y4780y2z2+4824)
32




Table 9 Harmonics for rank 8.

No.

65
66
67
68
69
70
71
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74
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7
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expression
35z° 3525y 352522 105z y? _ 10524 y2 22 105z*2* 352%y8 _ 10522y 22 105z%y°2
128 T 32 it & 4 + 7t T 1 + 2

V858(z—y) (z+y) (2% +y° —1422) (2* —4zy+y?) (2* +ay+y?)
- 64
VI155yz(32° —y? ) (32* +622y> —202° 2% +3y* —20y> 2% +162")

32

\/85811/(12 73y2)(Bzzfyz)(z2+y2714z2)
- 32
V115522 (2% —3y? ) (32" +62°y® —202° 2% +3y* —20y> 2 +162*)

32
3 715wz(z67211:4y2+35x2y477y6)
32
3VTI5yz(72% —35z"y* +212°y* —y°)
32
3V 1001:l:z(:1:2+y2—422)(:1:4—10:1:2y2+5y4)
32

3v1001yz (2% +y®—422) (52" — 1027y +y*)
- 32

312(3516+105;1;4y2—2801422+105:r2y4—56012y222+3363:224+35y6—280y422+336y224—6426)
- 32

3yz(352°+105a"y> —2802" 2% +1052”y* —5602%y> 2> +3362> 2" +35y° —280y" 2°+336y>2* —642°)
- 32
3\/715zy(z—y)(x+y)(x2—21y—y2)(x2+2zy—y2)

16
3V 715(14 74x31/7612y2+4xy3+y4)(1‘4+4a:3y76w2y274wy3+y4)
128

3WVTTzy(z—y)(z+y) (14+212y27241222+y4724y222+40z4)
- 16
3V 77(:1:2 —2:I:y—y2) (:1:2+2:1:y—y2 ) (:l:4+2:112y2 —24z2 z2-l-y4 —24y222+4024)

64

3vT0zy (2% +3a"y* —302" 22 432 y* —602°y* 2 +802> 2" 445 —30y* 2° +80y° 2* —322°)
- 32

3V70(z—y) (x+y)(71:6+3:404y2—30x422+31’2y4—60m2y222+80:z224+y6—30y4z2+80y2z4—3226)
B 64

4 . P 8 q
_ 2,6 4 35y
14x°2° + 158



Table 10 Harmonics for rank 9.

No. multipole expression
z(3151:8+126016y2733601622+189014y471008014y2z2+604814z4+126012y571008012y422+1209612y22472304zzzs+315y873360y522+6048y4z472304y225+128z8)
82  Qg(A41,1) o8
\/42902(.’£—y)(:E+y)(:E2—4:1:y+y2)(:1:2+4my+y2)(3:1>2+3y2—14z2)
83 QQ(AMQ) - 64
V24310y (322 —y?) (32° —272% y2 43322y —y°
84 QQ(AM?’) ( )( 256 )
\/2310y(312—y2)(m6+3z4y2—361422+312y4—72;1;2y222+120:z2z4+y6—36y422+120y224—6426)
85  Qo(41,4) — 198
4290xyz (2 —3y?) (322 —y?) (322 43y —1422
8 Qo(ds1) - YR 9)(sx" ) )
V24310z(2° -3y ) (2° - 332" y* +272%y* —3y°)
87 QQ(AQ,Q) 256
\/23101:(1:273,1/2)(1:5+3J:4y27361'4z2+31'2y4772w2y2z2+120w2z4+ys736y4z2+120y2z4764z6)
88  Q9(A42,3) -— 128
3v/1430x (2% +y% —1622) (2 —212%y2 +3522y* — 79
89  Qoq(E,1) - ( )gso )
3V 1430y(:1:2+y2—1622) (7:1:6—35:1141/2-{—21:1:2y4—y6)
90 Qq(E,1) — 556
3v286x(z* —1022y? +5y* ) (2?4222 y? —282% 2% fy* —28y2 22 4562
91 Qo.(E,2) ( ) 2 )
3\/286y(5z4—1012y2+y4)(z4+2.7:2y2—28x2zz+y4—28y222+5624)
92 Qg,g(E,Q) — 98
3\/59:(7zx+2816y27280zf’z2+4214y47840904yzz2+112014z4+2812y578409027/47,2+224012y2z478961226+7y&7280y(iz2+1120y4z47896y2z“+128z8)
93 Qo1(£,3) 128
3v/5y (728 +282%y> —2802° 27 +422 y* —8402%y? 22 411202 2* 42827y ® —8402%y* 2 422402y 2* —8962° 26 +7y® —280y° 2° + 1120y 2* —896y° 26 +1282%)
94 Qo2(F,3) 128
3V12155zyz(z—y)(z+y) J:Q—sz—zf) 1:2+2xy7y2)
95 Qui(E,4) ¥ (= (
3\/121552(147413y7612y2+41y3+y4)(z4+413y7612y274zy3+y4)
96  Qg2(E,4) 198
3\/5005:ﬂyz(:1:—y)(:1:+y)(:l:4+2:1:2y2—8:1:222+y4—8y2z2+824)
97 ngl(E,5) — 16
3v50052 1272zy7'y2 12+2zy7y2 z4+2362,1/278a5222+yd78yzzz+8z4
05 Qua(B.5) X L !
3v/T10zyz (720 +212%y> — 702 22 4210 y* — 14022y 2+ 11202 2% +7y5 —70y* 22 +112y° 2 —322°)
99 Qo1(E,6) — 32
3\/110z(z7y)(z+y)(7164»2114,1/277014z2+21z2y4714012y2z2+112a:2z4+7y“770y4z2+112y2z4732z6)
100 Qg2(E,6) — o1




Table 11 Harmonics for rank 10.

No. multipole expression
6320 31528y? 15752822 315z%y* 15752%y%2% 5252924 315z%y° 47252%y* 2% 15752%y%2? 31522% 3152248 15752%y%22  15752%y%2* | 3152%y%2% 452228 63y'° 1575y%2%  525y%2* 315y%2% 454228 10
101 Quo(4s,1) 256 256~ T 128 128 T 32 8 128 T 64 3 + 57 w6 T 32 8 + 2 2 256 128 += 7 T2
102 Q (A 2) \/4290(173;)(z+y)(zzf4zy+y2)(12+4zy+y2)(314+612y279612zz+3y4796y2z2+22424)
10(A1, 512
/461890y z (322 —y?) (325 —2724y? +3322y* —y°
103 Qio(A1,3) ( )(256 )
104 Q (A 4) \/429Oyz(3127y2)(7ze+21z4y27841422+21zr"y4716812y222+1681224+7y6784ydzz+168y2z4764z6)
10(A1, - 128
VA290xy (22 —3y?) (3% —y?) (3x* +62%y> — 9627 2> +3y* —96y° 2° +2242%)
105  Qio(As2,1)
’ 256
V4618902 (22 —3y?) (2% —33x1y? +2722y? —3y°
106 Qio(Az,2) ( )(256 )
107 Quo(4s,3) VA290zz(2® —3y?) (720 4212y —84a 27 +212%y* 1682y 2° +1682° 24 +7y° —84y* 2° +168y° 2* —642°)
10{A2, - 128
V72930xz 3:1,'2+?>1/2716z2 x672124y2+351:2y477y6
108 Quoa(E,1) — ( 2)5(6 )
V72930yz(3224+3y*—1622) (725 — 352y +212%y* —yS
109 Quopo(E,1) - ( 2)56 )
\/858:1:2(:1:4—10:1:2y2+5y4)(15:1:4+30:1:2y2—140:1:222+15y4—14Oy222+168z4)
110 Quo1(E,2) —
) 128
V858yz (53" —102%y +y*) (152" +302y> — 14022 2>+ 15y —140y>2°+1682")
111 Quo2(E,2) - - -
, 128
12 Q (E 3) \/55:z2(63x8+25216y2—840.1;622+378:404y4—252014y222+2016:c4z4+25212y6—252012y422+4032z2y224—1152z2zG+63y8—8403/622+2016y424—1152y226+12828)
10,1(£&, 128
113 Q (E 3) \/55yz(6318+252a:“y27840zfiz2+37814y47252014,1/2z2+2016z4z4+25212y67252012y422+403212y2z471152122‘;+63y87840yﬁz2+2016y4z471152y2z6+128z8)
10,2\ &, 128
V92378zy (2 —1022y% +5y*) (524 —1022y% +y*
114 Quoa(E,4) - ( 256 X )
V92378(z—y)(z+y) (1’474w3y714w21/274wy3+y4)(1:4+4a:31,/—14x2y2+41:y3+y4)
115 QIO 2 (E‘7 4) - - - - - - -
) 512
116 Qlo I(E 5) v 121551y(zfy)(z+y)(zz+y271822)(12721y7y2)(12+21y7y2)
N ) 32
117 Q (E 5) vV 12155(:1:2+y2—1822) (:1:4—4:1:3y—6:1:2y2+4:1:y3+y4) (:l:4+4.’1:3y—6:1;2y2—4:1;y3+y4)
10,2(&, - 256
118 Q (E 6) \/21451y(zfy)(z+y)(16+314y274214z2+3zzy4784z2y2z2+1681224+y6742y'122+168y2z4711226)
10,1 (&, 32
119 Qlo 2(E 6) - \/2145(x2—21y—y2)(z2+21y—y2)(:c6+3z4y2—42z422+312y4—84.1;2y222+168:z224+y6—42y422+168y224—11226)
) d 128
120 Q (E 7) \/165zy(7zx+2816y2733616z2+42z4y47100814,1/2,52+16809@4z4+28z2yﬁ7100812y4z2+336012y2z471792z2z6+7y&7336116z2+1680y42471792y2z6+384z8)
10,1 (&, 128
121 Q (E 7) \/165(z—y)(z+y)(718+2816y2—3361622+42z4y4—100814y222+168014z4+28x2y6—100812y422+3360x2y2z4—1792x226+7y8—336y6z2+1680y4z4—1792y226+38428)
10,2(&, 256

5!




Table 12 Harmonics for rank 11.

No. multipole  expression

2(693110+346518y2 —115502% 224693025 y* —462002°y2 22 +369602° 24 +6930z4 y® —6930024 y* 22 +11088024 y2 24 — 3168024 264346522 y® — 4620022y 22 +11088022 y* 24 —6336022y? 26 +704022 254693y ° — 1155095 2% +36960y° 24 —31680y* 26470402 2® —256z1°)

122 Qui(4,1 i

V14586z(z—y)(z+y) (1‘2 —dzy—+y? ) (a:z +41‘y+y2) (15w4+30w2y2 —160222%+15y* 7160y2z2+224z4)
512
Y 46189y(312 7y2) (zz+y2 720z2) (316727zdy2+3312y47y5)
- 512
VvV 30030y(3:1:2 —yz) (:1:8+4:1:6y2 —56:1:622+6:L'4y4— 168:1>4y222+336:1:4z4+4:1:2y6 —168:E2y422+672:172y224 —448:E226+y8 —56y622 -¢-336y4z4 —448y2z6+12828)

(A1,1)
(A1,2)
(41,3)
125 Q11(A1,4) 512
(42,1)
(42,2)
(A2,3)

123 Q11(Aq,2

124 Qq1(A1,3

V14586zyz (2% —3y°) (322 —y?) (150" +302%y> — 1602 2° +15y" —160y° 2> +2242" )
126 Qq,
(

256
127 Qll V46189 71:2—33/2)(.1:2+y2—2022)(16—3314y2+27m2y4—3y6)
128 Q1

512
V/30080z (2% —3y°) (2% +42°y> —562°2° + 62 y* — 1682y 2% +3362" 2 +42°y° —1682°y* 22 +6720°y> 2" —4482° 2% +4° —56y° 2> + 336y 2* —448y> 20 +1282°)
512

V881792 (2! —552°y° +3302%y* 4622 yS +1652°y° — 11y ")

129 Qua(E,1) 512
VB3179y (1120 —1652°y> +4622y* —3302*y 4552y —y'°)
130 Queo(E,1) - 512
V364652 (2% —212ty? +3522y* —7y%) (2?4222 y? —3622 2% +y* —36y2 2249621
131 Qua(E,2) ( )g12 )
V36465y 7:1:6—35:1:4y2+21:1:2y4—y6 :1:4+2:l:2y2—36:1:222+y4—36y2z2+96z4
132 Qu2(E,2) ( )g’)IZ )
3v143z (2 —1022y>+5y") (52°+ 152" y> — 2402 22 +152%y* — 48027y 22 +11202% 2" +5y° — 240y 22 +1120y 2* —8962°)
133 Qua(E,3) - =13
3v143y(52* — 1022y +y*) (525 +152%y® —2402* 22+ 152 y* — 48027y > 2%+ 11202 2% +5y° —240y* 2%+ 1120y > 2* —8962° )
134 Qu2(E,3) 512
135 Q (E 4) \/661(217@“'+10518y2—1260z8z2+21016y4—504Ozf’y2z2+84001“z4+210z4y“—7560x4y422+2520014y2z4—134407:4z6+105z2y8—5040x2yszz+2520012y4z4—26880&62y2z“+5760z2z8+21y1“—1260y8z2+8400y6z4—13440y4z6+57601/2z8—512zl())
11,1(&, - 512
136 Q (E 4) \/66y(21x10+10518y2—12601822+21016y4—50401:6y222+84001624+210z4y6—7560x4y422+2520014y224—134401426+10512y8—5040x2y622+2520012y4z4—26880x2y226+57601228+21y1D—1260y822+8400y524—13440y426+5760y228—5122]D)
11,2(&, - 512
V1939938wyz (z* —102y? +5y*) (52t — 1022y +y*)
137 Qua(E,5) - 256 )
\/19399382(17y)(z+y)(z4f4z3y71412y274zy3+y4)(z4+413y71412y2+4zy3+y4)
138 Qu2(E,5) 512
692835xyz(z—y) (x+y) (22 +y? —622) (22 —2zy—y?) (2® +22y—y?
139 Qua(E,6) -~ (242 —627)( ) )
69283522 +y> —62) (¢! — 40y 627y +4zy® +y*) (2" +42°y— 62y — 4wy’ +y*)
140 Qu(E,6) - 356
3\/10011yz(m—y)(z+y)(516+15m4y2—701422+15:z2y4—140:6231222+168f1:224+5y6—70y4z2+168y2z4—8026)
141 Quq(E,7) =
3\/1001z(1272zy7y2)(12+21y7y2)(5z6+15z4yz77014z2+1512y47140z21/2z2+16812z4+5y(’7701/4z2+168y2z4780z6)
142 QII’Z(E,’?) — 128
143 Q (E 8) \/21451yz(2118+8416y2—336x522+12614y4—1008z4y222+100814z4+8412y6—100812y422+2016x2y2z4—7681226+21y8—336y6z2+1008y4z4—768y2z6+12828)
11,1(&, 128
44 Q (E 8) \/2145z(x—y)(a:+y)(2128+84;l;6y2—336w6z2+1261’4y4—10081:4'_112z2+100824z4+8412ys—1008w2y4z2+2016w2y2z4—768x2z6+21y8—336ysz2+1008y4z4—768y2zs+128z8)
11,2(&, 256




