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Table 1 Harmonics for rank 0.

No. multipole expression

1 Go(4) 1

Table 2 Harmonics for rank 1.

No. multipole expression
2 G1(A
3 Gi1(E) =z
4 Gi2(E)

Ny

z

Table 3 Harmonics for rank 2.

No. multipole expression

5 Go(d) -T2
6 G2,1(E,1) V3yz

7 Geo(E,1) —3xz

8 Gy (E,2) Vl-wlty

9  G22(E,2) —\/3zy

Table 4 Harmonics for rank 3.

No. multipole expression

10 Gs(A,1 (322437 -227)

11 Gs(4,2 ;
12 G3(4,3) mz(aj—slﬁ)

13 Gsa(E,1) - ‘/61(1'221/2—422)
14 Gspo(E,1) - ‘/61/(0024:;;2—4%)
15 G3.(E.2) Vibayz

16 Gsp(E,2) YBxz—u@iy




Table 5 Harmonics for rank 4.

No. multipole expression
17 Gy(A1) ‘%1 + # —3a%2% + % —3y222 4 24
18 Ga(4,2) w
19 Gy(a,3) YOGy
20 Gu(B1) Yl
91 Gup(E,1) YOm(rraioas)
22 Gy (E2) YRR rey)
23 Gup(E.2) w
24 Gu1(E,3) — \/g(Irfy)(w+y4)(w2+y27622)
% Guo(E,3) Yolero)
Table 6 Harmonics for rank 5.
No. multipole expression
26 Gs(4,1) z(1514+3012y27401222“53/474%222%24)
2w Gyan YR
5 G4y V)
29 Gsa(E,1) 3‘/ﬁ1(14—11212y2+5y4)
30 Gso(E,1) — Smy(5141610x21/2+y4)
31 Gs.(E,2) Jﬁz(zuzzzya,uizzwtmfzagzd)
32 Gs2(F,2) \/ﬁy(“’4+2“72y27125”:Z2+y4*12y2z2+8z4)
33 Gsa(E,3) —2V3me—uaty)
M Gop(By) )y
35 Gyo(E,4) —YATmwrlrio2t)
36 Gsp(E,4) - mz(z_y)(m‘zy)(x2+y2_222)




Table 7 Harmonics for rank 6.

expression

37
38
39
40
41
42
43
44
45
46
47
48
49

6 2,2,2

_ 1

S5x

z

2 4

5 15x4y? 52422 1522yt | 452%y%2
70116 - 16y Jr403682 B 16y + 4y
VA62(z—y) (z+y) (¢° —4zy+y°) (2 +4zy+y°)

32
\/@wy(w273y2)(3w27y2)
16

\/myz(&cz—yz) (312+3y2—822)
16
3\/@1&(514710121/24»1/4)
16
3v/154zz(z* —1027y* +5y*)
16
\/ﬁyz(5x4+10w2y2720w2z2+5y4720y2z2+8z4)
8
V21zz (52" 4102y —202° 2% +5y* —20y° 2% +82*)
8
3\ﬁ(a:2+y2710z2) (:L'2729:y7y2) (:L'2+2;1:y—y2)
16
3vVTay(z—y) (z+y) (22 +y>—102?)
4

V210(z—y)(z+y) (:1:4+2.1:2y2 —16x222y* —16y222+16z4)

32
vV 2101y(z4+212y27161222+y4716y2z2+16z4)
B 16

2

5y6 45y422 _ L‘%y"’z4 6
T 7tz

Table 8 Harmonics for rank 7.

multipole

expression
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f8ee
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A~~~ o~~~ o~~~ —~
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\/600617;2(12 73y2) (312 7'5/2)
16

z(35a:6+105:c4y27210w4z2+105:c2y47420w2y222+168w2z4+35y67210y4z2+168y2z471626)

16
V60062 (z—y) (z+y) (2% —4zy+y?) (z? +day+y?)
32

\/21y(3:1:2 —yz) (3:n4+6.1:2y2 —60x222+3y* —6Oy222+8024)

32

\/211(12 —3y? ) (314+612y2 —60x2 2% +3y* 760y222+80z4)

32
129z (2% —212y” +3527y* —7y%)

32
\/4291/(71‘673514y2+21x2y4—ys)

32
_ 231z (2% +y® —122%) (z* — 102y +5y*)

32
\/231y(a:2+y2—12z2) (5:c4—10a:2y2+y4)
32

V7x (5204152 y> — 1202 22 41522y " — 24027y 22 +2402% 2" +5y° —120y" 2% +240y> 2* —642°)

32

VTy (520 +152%y? 1202 22 +1507y* —2402%y? 22 +2402° 2 +5y° —120y* 22 +240y° 2* —642°)

32
V231zyz(z—y)(z+y) (312+3y2 710z2)
4

\/2312(12—2zy—y2) (12+21y—y2)(312+3y2—1022)

16

VA2wyz (152" +302%y° —802° 2> +15y* —80y° 2> +482")

16

vV 422(zfy)(z+y)(1514+3012y2 7801222+15y4780y2z2+4824)

32




Table 9 Harmonics for rank 8.

No. multipole expression

65 Gs(4,1) 315218& + 35§;y2 - 359ifz2 + 1055294 - 1051:1/222 + 1052%4 + 35§;y6 _ 105zzy422 I 1051;3/224 142246 4 % e ERYIEI

66 Gs(4,2) _ @(I*y)(z+y)(z2+y?71421)(z%4zy+92)(12+4zy+y2)

67 Gy Y ) i)

68 Gs(A4,4) mm(12*31’2)(3954*67”2-’/:27201%2%?’4*2092z2+16z4)

69 Gs(A,5) myz(fs'xr‘)—y2)(3x4+612y;2_201222+3y4_20y222+1624)

70  Gsa(E,1) Smyz(7”6*35;’24y2+21w2y47116)

71 Gsa(E,1) -1 715“(16*212“;/2+35zzy“—7y6)

72 Gsi(E,2) - 3myz("”2+y2—4£)(5w4—10:172y2+y4)

73 Gso(£,2) - 3mzz(12+92*4;:)(14*1012y2+5y4)

74 Gsi(E,3) — 3y2(35z5+105m4y2_2801422+105,1;2y4_560123312222+3361224+35y5_280y4z2+336y224_6426)

75 G&Q(E, 3) 3zz(35z“+10514yz,gsoz4zz+1oszzy4,5601231,2222+336zzz4+35y67280114z2+336yzz4764zﬁ)

76 Ggyl(E, 4) 3m(x4_4131/_612y2+4zy3-1—2y;)(I4+4z3y—6x2y2_4xy3+y4)

77 Gsa(E,4) 73\/ma:y(w*y)(w+y)(wi6—21:yfy2)(w2+2zy7y2)

78 Gsa(E,5) Bﬁ(IQ,Zzy*yQ)(z2+2$yfy2)(IZIQZZyZ7241222+y4724y222+40‘24)

79 Ggyz(E, 5) 3ﬁfl?y(:z—y)(:t+y)(;,;4+2,,;2,,1,Z_24”72z2+y4_24y2z2+4oz4)

80 G BVT0(a—y) (2-+y) (25 +324y? —3001 2%+ 302y —6022y? 2> +802% 2" +y —30y" 22 480y 5 —3229)
si(B6) - 64

81  Gga(E,6) 3\/%zy(16+3;z4y2_30x422+312y4_601222Z2+801224+y5_30y422+80y224_3226)




Table 10 Harmonics for rank 9.

No. multipole expression
1290zyz(z2 —3y?) (322 —y?) (3z% +3y> —142>
22 God1) Y0 )
2(315:1:8+1260:n6y2—3360:1:6z2+1890:1:4y4—10080:1:4y2z2+6048:1:4z4+1260:1:2y6—10080:1:21/422+12096m2y2z4—2304:10226+315y8—3360y6z2+6048y4z4—23O4y226+12828)
83 Go(A4,2) o8
VA2902(z—y) (v +y) (2 —doy+y?) (s +4wy+y?) (327 +3y° —142%)
84 Go(A,3) — .
V24310y (32 —y? ) (32° —272% 4> +332y* —y°®)
85 Go(A,4) 555
\/2310y(3z27y2 (z6+3ac4y2736z4Z2+3z2y477212y2z2+12012z4+y(’7361/4z2+120y2z4764z6)
86  Go(4,5) — e
V24310z(2° -3y ) (2° - 332" y* +272%y* —3y°)
87 Gy(A,6) 556
\/23101:(1:273,1/2)(1:5+3J:4y27361'4z2+31'2y4772w2y2z2+120w2z4+ys736y4z2+120y2z4764z6)
88 Go(A,7)  — 128
3v/1430x (2% +y% —1622) (2 —212%y2 +3522y* — 79
89  Gou(E,1) - ( )gso )
3v/1430y :1:2+y2—1622 7:1:6—35:z4y2+21:1:2y4—y6
90 (Ggyz(E, 1) — ( )256 )
3v286x(z* —1022y? +5y* ) (2?4222 y? —282% 2% fy* —28y2 22 4562
91 Gou(E.2) ( J(o' 2t )
3\/286y(5z4—1012y2+y4)(z4+2.7:2y2—28x2zz+y4—28y222+5624)
92 G9,2(E» 2) - 128
3\/59:(7zx+2816y27280zf’z2+4214y47840904yzz2+112014z4+2812y578409027/47,2+224012y2z478961226+7y&7280y(iz2+1120y4z47896y2z“+128z8)
93 Goa(£,3) 128
3v/5y (728 +282%y> —2802° 27 +422 y* —8402%y? 22 411202 2* 42827y ® —8402%y* 2 422402y 2* —8962° 26 +7y® —280y° 2° + 1120y 2* —896y° 26 +1282%)
94 Gg,Z(E,:;) 128
3V12155zyz(z—y)(z+y) J:Q—sz—zf) 1:2+2xy7y2)
95 Go.(E,4) (= (
312156z (2t —4a3y—622y? +4xy® +y* ) (2 +423y—622y? —4zy® +y*
96 Goo(E4) VI et )
3v5005xyz(z—y) (x+y) (2* +202y% — 80222 4yt —8y2 22 4824
97 Goi(E,5) -2 G )
3v50052 1272zy7'y2 12+2zy7y2 z4+2362,1/278a5222+yd78yzzz+8z4
98 Goa(E,5) ( X ()Ség )
3v/T10zyz (720 +212%y> — 702 22 4210 y* — 14022y 2+ 11202 2% +7y5 —70y* 22 +112y° 2 —322°)
99  Ggi(E,6) — 33
3\/110z(z7y)(z+y)(7164»2114,1/277014z2+21z2y4714012y2z2+112a:2z4+7y“770y4z2+112y2z4732z6)
100 Ggpo(E,6) — o1




Table 11 Harmonics for rank 10.

No. multipole expression
6320 3152%y> 15752822 3152%y* 15751%222 5252524 315z%y° 472524 y4 22 1575z y% 24 315z42¢ 315z%y° 15752°y% 2> 157522y 2% | 315224225 452228 63y'° 1575y522 525y°%24 315y42% 454228 10
101 Gio(A,1) — 26 — 256 T 128 128 T - Tt 64 - 3 T Tt 32 - 8 + 2 - R v += -3tz
102 G (A 2) \/4290(173/)(z+y)(zzf4zy+y2)(12+4zy+y )(31 +Gz y2—96x2 2243y —96y2 2% +2242 )
10(4, 512
V42902 (11:2—3y2) 3:1:2—y2)(3:1;4+6:E2y2—96:1:2z2+3y4—96y222+224z4)
103 Gio(4,3)
256
V4618902 (2% —3y?) (2% —33x1y? 42722 y? — 3¢5
104 Gio(A.4) (= =30") (&~ )
105 Gio(A,5) \/429012(272 3y?) (720 +21ay? —842* 2% 42122y  —16827y% 2% +1682% 2% + 7y ° —84y* 2>+ 168y > 2* —642°)
10 5 128
V461890yz (322 —y?) (32° —2721y2+3322y* —y°
106 GlU(A, 6) ( )(256 )
107 Guo(A,7) \/4290112(312 y?) (720 +212%y? —842 22 4212y * — 16827y > 2 +1682° 2" + 7y —84y* 22 +168y” 21 —642)
10 ) 128
V72930yz(322+3y?—1622) (725 =352y +2122y* —y©
108 G, (E.1) — ( )G )
V7293022 (322 +3y? —1622) (2® —21z4y? +3522y* —7y°
109 Gion(F,1) ( ) )
VB58yz (52t — 1022y +y*) (152 43007 y* — 14022 2% +15y* —140y>2>+1682")
110 Goa(E,2)
) 128
V858zz (2" —102%y*+5y") (152" +3027y* — 14022 2+ 15y —140y>2>+1682")
111 Gio2(E,2) - - - -
) 128
12 G (E 3) \/55yz(63;r8+252x6y2—840:1:622+37814y4—2520;1;4y222+201614z4+252.1:2y6—2520m2y422+40321’2y224—1152.1;226+63y8—84Oy622+2016y4z4—1152y226+12828)
10,1(£&, 128
113 @ (E 3) 559:z(63z +2522%9y% —8402° 224378z y* —252001y2 22 +20162 24 425222 y® — 252022y 22 4403222y 2 24 — 115222 26 +63y® —840y° 2242016y 2% —1152y2 2 "+128z8)
10,2\ &, 128
114 G (E 4) \/92378(z—y)(x+y)(14—4z3y—14x2y2—4zy3+y4)(z4+4z3y—1412y2+41y3+y4)
10,1(£&, 512
V92378xy :1:4710@2_1/24»5,1/4 51:4710052_1/24»'_1/4
115 Gloyg(E74) ( 256 ) )
116 G (E 5) \/121 (z +y —18z )(zdf4z3y7612y2+4zy3+y4)(14+4z3y7612y274zy3+y4)
10,1 (&, 256
12155zy(xz—y)(z+y +y —18z :112—2:1:y—y2 :L'2+2:L'y—y2
17 Gus(B,5) (r=n) ety o7 -1822)( I )
118 Glo 1(E 6) _\/2145(127217471/2)(1 +2zy—y )(z6+3zdy274214z2+312y478412y2z2+1681224+y6742y/122+168y2z47112z6)
) ’ 128
19 @ (E 6) \/21451y(z—y)(m+y)(mG+3z4y2—421422+312y4—84.1:2y222+168.7:224+y6—42y422+168y224—11226)
10,2(&, - 32
120 G (E 7) V/165(z— y)(z+y)(7z +2832°%y> —3362°2” +423" y* — 1008z y* 2° + 16802 2" +282°y® — 10082y " 2° +33602° y° 2* —17922° 25+ 7y —3361° 2> +1680y* 2* — 1792y 2°+3842%)
10,1 (&, 256
121 G BT \/1651y(718+281:6y2—3361622+4214y4—100814y2z2+168014z4+2812y6—100812y4z2+336012y224—17921225+7y8—336y622+1680y4z4—1792y226+384zs)
10,2( T = 128




Table 12 Harmonics for rank 11.

No. multipole  expression
192 Gu(A, 1) mzyz(zz—Byz)(312—y2)(15x4+;§:2y2—1601222+15y4—160y222+224z4)
123 Gn(A, 2) B 2(693x10+346518y27115501’8z2+69301:5y47462001:6y2z2+36960w6z4+693024y676930014y4z2+1108801:4y2z473168014,264»3;15651:23/87462001:2y6z2+110880352_1/4z47633601:2y2z6+704012z5+693y10711550y8z2+36960y6z473168Ogj4z6+7040y2z87256z10)
194 (GH(A, 3) mz(zfy)(z+y)(1274zy+y2)(12+4zy+y25)1(215z4+3012y2716012.22+15y47160y2z2+22424)
125 Gll (A, 4) - \/Wy(3:n2—y2)(:£2+y2—2é)lz:)(3:1:6—27:1043/2-{—33.’1:2y4—y6)
126 Gu(A,5) V/30080y (322 —y?) (2% +42°%y> —562° 2> +62 y* —1682"y? 27 +3362" 2" +427y° — 1682y 22467227y 2" — 4482225 +1° —56y° 22 +336y " 2" — 448?20 +1282°)
) 512

127 Guy (A, 6) _ \/m.t(mz—&ﬂ)(J:2+y2—2;)lz;)(16—3314y2+27m2y4—3y6) ’
128 GH(A7 7) \/300301;(1;273?/2)(z8+4$(iy2756ZK5Z2+614?/4716814y2z2+336x4Z4+4z2:lé(;g16812y4z2+67212y2z4744812z(i+y&756yf;zz+336y4z47448y2z6+12828)

V881792 (2! —552°y° +3302%y* 4622 yS +1652°y° — 11y ")
129 Gn,l(E,l) =13

VB3179y (1120 —1652°y> +4622y* —3302*y 4552y —y'°)

130 Gurg(E, 1) - =13

\/Mz(1672114y2+3512y477y6)(14+212y273612z2+y4736y2z2+9624)
131 Gn,l(E, 2) 512

\/mll(T’I:G—35:1:4y2+21:1:2y4—y6)(;1:4+2:1:2y2—36:1:222+y4—36y2z2+96z4)
132 Gu12(E,2) 512
133 Gua(E,3) 3 143z (2" —102%y*+5y") (52°+152"y* —2402" 22+ 1527 y* —4802°y? 22 +11202° 2" 4+ 5y° — 240y 22+ 1120y 2" —8962°)

, ) 512
134 Gua(E,3) 3v143y(52* — 1022y +y*) (525 +152%y® —2402* 22+ 152 y* — 48027y > 2%+ 11202 2% +5y° —240y* 2%+ 1120y > 2* —8962° )
’ 512
135 G11:1(E, 4) -~ @z(2170“'+105zxy271260z8z2+21016y47504015’112z2+840016z4+210z4yﬁ77560x4y422+2520014y2z471344Oa:4z6+150152z2y875040x2ysz2+2520012y4z472688012yQZ‘;+5760z2z8+21y1“71260y822+8400y6z4713440y4z6+57601/2z87512,21())
136 Gy 2(E 4) B \/%y(zlx‘°+1o5zgy2—126013224-2101%4—504Ozﬁy2zz+84001"’z4+21014y5—7560x4y4z2+2520014y224—1344014264-1057523,5—5040x2y622+2520012y4z4—26880z2y2z“+57601228+21y‘D—1260y822+8400y524—13440y4zﬁ+5760y223—5122’0)
) ) 512
V/1939938zy 2 (1’47101:21/24»5,1/4)(5147101:2y2+y4)
137 Gu)l(E, 5) — 556
138 611’2 (E, 5) mz(zfy)(zJﬂJ)(zé‘ j4z3y714zzy;1724zy3+y4) (Z4+413y*1412y2+41y3+y4)
139 G1171 (E, 6) . V692835xyz(x—y) (z+y) (:1:2+y2 ;2622) (:1:2—2:1:y—y2) (:1:2+2:1:y—y2)
140 GII,Q(E7 6) B \/MZ(zzﬂffﬁzz)(1474z3y7612y2?6t4zy3+y4)(m4+4z3y7612y2 74zy3+y4)
141 Gll,l (E, 7) Sszz(m—y)(z-%—y)(516+15m4y2—701:422-%—15::21/342—140z2y222+168:1:2,z4+5y6—70y4z2+168y224—8026)
142 Gll,z (E 7) _ 3mz(1272zy7y2)(12+21y7y2)(5z6+15z4yz77014z21§;512y47140z21/2z2+16812z4+5y(’7701/4z2+168y2z4780z6)
143 Gy 1(E 8) \/mgnyz(2118+841:6y2—336x522+12614y4—1008z4y222+100814z4+8412y6—100812y422+2016x2y2z4—7681226+21y8—336y6z2+1008y4z4—768y226+12828)
» 128

144 G11j2(E 8) \/mZ(ac—y)(a:+y)(211»8+g41»6y2,336wﬁz2+1261»4y4,10081,4y2Z2+1008w4z4+s4z2yﬁ71003w2?/4z2+2016w2y2z4,768x2z6+21ys,336ysz2+1008y4z47768yzza+128z3)

256




