PG No. 12 Dy 422

* Harmonics for rank 0
=(2,2
G g)(Ar)
** symmetry

1

** expression

_VBG (a 4y~ 22%) | VIBG (1~ ) (x + )
10

[ tetragonal | (axial, internal axial quadrupole)

10
*

Harmonics for rank 1
G g)(42)
** gymmetry

z
** expression
V10G,z N V30G,.x n V30G,.y
5 10 10
G lg)(42)

** symmetry

z

** expression

" V155G, xz n \/ﬁGyzyz
5 5

3v35G .z (31‘2 +3y2 — 222) N V105G, z (z —y) (x + y) N V105Gyzyz V105G .z (1‘2 +y? - 422) V105G, y (.’L’2 +y? - 422)
70 14 7 35 35
GEHl(B), G [9)(E)
** gymmetry
T
Yy
** expression
_\/10Gu;v " V30G,x n \/@Gwy n V30G,.z
10 10 10 10
_V10G.y  V30G.y N V30G.ya N V30G,.2
10 10 10 10
GEHPl(B), B3V 9)(B)
** gymmetry
T
Yy
** expression
3v35G & ($2 +y? - 4z2) V105G, x (3;v2 —Ty? — 2z2) V105G 4y (4ac2 —y? - 22) V105G, 2 (4ac2 —y? - zz) V105G, xyz
B 70 * 70 + 35 + 35 * 7

70
*

Harmonics for rank 2

35

3v35G.y (x2 + 9% - 422) . V105G, y (73:2 — 3y + 222) V105G (xz — 4y + 22) n V105G, xyz V105G, .2 (3:2 — 4 + 22)
70

GP P g)(Ar)

** gymmetry

** expression
Gy

GP[g)(Ar)

** symmetry

7 35



** expression

V14G, (x2 +y? - 27;2) V426G, (x—vy)(z+vy) \/@Gzy:ﬂy VA2G w2 \/EGyzyz
14 B 14 B 7 Tt

3(2,2
G52 [g) (A1)
** symmetry

1,2 y2 9
o gt

** expression

VI4G, (32t + 62%y? — 242222 + 3yt — 249222 + 821)  BVA2G, (z —y) (z +y) (2 + y* — 627)
56 168
5vV42G .y xy (.1:2 N 6z2) 5VA42G . xz (3.1:2 +3y2 — 422) 5v42G,.yz (3.1:2 +3y2 — 422)

84 84 84

GE 2 [g)(By)

** gymmetry

V3(x—y)(z+y)
2

** expression
Gy

=(2,0

G gl(By)

** symmetry

V3(z—y) (z+y)
2

** expression

V42G, (z — y)(z+y) n V14G, (:rz +y? - 222) n 3V14G,,xz BmGyzyz

14 14 14 14
=(2,2
G g)(By)

** symmetry

V3(z -y (x+y)
2

** expression

5V42G, (z — y) (z + y) (2% + y* — 627) N VI4G, (192 — 1022292 — 122222 + 19y* — 12y%22 + 42*)

168 168
5vV14Gzy (x —y) (z+y)  5V14Ga.xz (5a? — 9y® — 22%)  5VI4G,.yz (922 — 5y? + 222)
+ 12 + 84 + 84

GV [g)(B2)

** symmetry
\/gxy

** expression
Gy
G5 9)(B2)

** symmetry
\/gxy
** expression

VA2G,xy  V14Gay (22 +y* — 22%)  3V14G,.yz  3V14G,.xz
- + + +
7 14 14 14
GE?g)(Bz)

** gymmetry

V3ay

** expression

5vV42G,xy (.772 +y? - 622) n 5V14Gzy (z —y) (x +y)  V14Gyy (4.7:4 — 27222 4 32222 + 4yt 4 3222 — 24)
84 12 42
N 5V 14G . yz (6372 —y? - z2) 5V14G, xz (.7:2 —6y% + z2)
42 42




G 2l9(E), G [g)(E)

** gymmetry

V3yz

—V3xz
** expression

Gy

- Gzz

GH[9)(B), G [9)(E)

** symmetry

V3yz

—V3z2
** expression

VA2G,yz  3V14G,yz  3vV1dGuxz  3V1AG,.xy  V14G,: (227 — y? — 22)
14 14 + 14 + 14 B 14

_VE2Guxz  3VIAGuxz  3V14G.yz  VIAG.. (¢® —2y° +2%)  3VIAG,.ay

14 14 14 14 14

G2 9)(E), G l9)(E)

** symmetry

V3yz

—V3xz
** expression

_5\/@Guyz (31‘2 +3y? — 422) N 5\/ﬂGvyz (9:L‘2 — 5y? + 222) B 5\/ﬁGmyazz (:132 — 6y% + 22)

84 84 42
5V 14G, . xy (1‘2 +y? - 622) n V146G, (14 — 3x%y? — 30222 — 4yt +27y%2% — 424)
a 42 42

5V42G  xz (3r2 +3y2 — 422) 5V 14G,xz (51‘2 — 9% — 22’2) 5V14G 2 (6332 —y? - 22)
84 84 42
N VIAG,, (4z* + 32%y? — 272222 — y* + 3y222 + 424) N 5V14G.zy (22 + y? — 622)
42 42

* Harmonics for rank 3
=(2,—-2
G g)(4s)
** symmetry
z (3ar2 + 3y2 — 222)

B 2
** expression

\/EG“Z _ \/gGrzl . \/gGyzy

5 5 5

=(2,0
GEVg)(42)

** symmetry

z (31‘2 + 3y — 2z2)
2

** expression

B V15G, 2 (3x2 +3y? — 222) B V5G,z (z—y)(z+y) V5G,.x (x2 +y? - 422) 3 \/gGyZy (r2 +y? - 422)

- Vngya:yz —

15 2 20 20

G 7 [g)(As)

** symmetry

2 (3372 +3y% — 222)
2



** expression

V330G, 2 (152 + 30a%y? — 402222 + 15y* — 40y%2% + 82%)  7TV110G,z (z — y) (w + y) (22 + y* — 222)  TV110Gyayz (2 + y? — 22%)

264 88 44
N V110G, .z (r4 +222y% — 122222 + y* — 12222 + 824) n V110G, y (.r4 +222y% — 122222 + y* — 129222 + 824)
44 44

G g)(By)

** gymmetry
V1bxyz
** expression

V3Giyz  V3G..y V3G,
+ +
3 3 3
G Vlg)(B)

** gymmetry

V15ayz

** expression

\/ng,,yz (3.7:2 +3y2 — 222) n 3Gy (33:2 — 2% + 322) \/§Gy2m (2.7:2 —3y% — 322)
6 6 6
G2 lgl(By)

** gymmetry
V1dzyz
** expression

3 21V22G xyz (332 +y? - 222) N 21V66G,zyz (x — y) (x + y) v 66G 2 ((iac4 — 5122y? 4 52222 4 6y* 4 5y?2? — 24)
44 44 66
V66G,.y (6x4 + 522y — 5lx22% — y* + 5y22% + 6z4) n V666G, 2 (x4 — 5a2y? — 5222 — 6y* + 51y?22 — 624)
66 66

Gy [g)(B)

** symmetry

152 (z —y) (x + y)
2

** expression

V3G,z N V3Ga.w V3Gy.y
3 3 3

GO 9)(Bz)

** gymmetry

V152 (2 —y) (x +y)
2

** expression

V3G, (3302 +3y% — 222) V3Gy.x (132 —9y? + 622) \/gGyzy (9:1;2 T~ 6z2)
6 + 12 + 12

G2 [9)(Bz)

** symmetry

VIbz(z —y) (x+y)
2

** expression

721@01@ (x—y)(z+vy) (x2 T 222) N V66G, 2 (39$4 — 17422y% — 202222 + 39y — 20222 + 424) N 21V66Gyzyz (z — y) (z + y)

88 264 44
V66G,x (5:104 — 4x?y? — 462222 — 9yt + 669222 + 12z4) V66G,.y (91‘4 + 4a?y? — 662222 — 5y* + 46y22% — 1224)
132 132

GE 192, 1), GV gl(B, 1)

** symmetry

T (2.762 —3y% — 3z2)
2



Y (3:1;2 — 2% + 322)
2

** expression

_\/ﬁGu-T + 3\/5va _ \/ngyy _ \/ngzZ
10 10 5 5

VI5Guy  3V5Guy  VBGer V5G.z
10 10 5 5

G2 9)(E,2), G35 29)(E,2)

** symmetry

Vi5z (y — 2) (y + 2)
2

VIby (z — 2) (z + 2)
2

** expression

Gy V3G N V3Gayy  V3Ganz
2 6 3 3

Guy | V3Guy  V3Guz  V3G,.z
o T T3 T3

GHO)(E, 1), G [g)(E, 1)

** symmetry
T (2&02 —3y% — 322)
2

Y (3:1:2 — 2% + 322)
2

** expression

V15G, (4;52 —21y% + 922) V5G, (41'2 —y? - 1122) V5G.yy (41’2 —y% - 22) NGle (41‘2 —y? - 22)
B 60 * 20 * 20 * 20

— \/gGyzxyz

\/gGyzz (.752 —4y? + 22)
20

V15G.y (21x2 T 922) V5G,y (I2 — 4% + 1122) V5G oy (x2 — 4% + 22)
60 * 20 B 20

GV (B, 2), B l9)(E,2)

** symmetry

- Jngzxyz —

V15 (y —2) (y + 2)
2

VIby (z — 2) (v + 2)
2

** expression

Gux (2:1;2 — 3y — 322) V3G, (2:1;2 — 3y — 322) \/§Gzyy (63:2 +qy? - 922) V3G (6:1;2 — 9y + z2)
4 + 12 + 12 B 12

Guy (3$2 — 2% + 3z2) \/gGvy (312 — 2% + 322) \/gGwcL‘ ($2 + 6y? — 9z2) \/gGyzz (9272 — 6y% — z2)
— + - : +
4 12 12 12
=(2,2 =(2,2
G 1al(B,1), G5V [0l(B, 1)

** symmetry

T (21‘2 —3y% — 3z2)
2

Y (31’2 — 2y2 + 3,22)
2

** expression

V330G, @ (42 + 2?y* — 412222 — 3y* + 15y222 + 182%) N V110G, x (4a — 272%y? — 13222 + 11y* + 15y%2% + 427)
264 88
. V110G Y (8x4 — 1222y — 120222 + y* + 29222 + 24) . V110G, 2 (8374 —1222y% — 122222 + y* 4+ 2y22% + 24) N V110G, zyz (2a72 T 22)
44 44 44

5



V330G .y (3;1:4 — 22y — 152222 — 4yt + 41222 — 18z4) V110G, y (11x4 —272%y? 4 152222 + 4y* — 13y22% + 4z4)
264 88
N V110G (2% — 1222y + 22222 4+ 8y* — 12y%2% 4+ 24)  TV110G,.zyz (2% — 2% + 22) N V110G 2 (z* — 122%y% + 22222 + 8y* — 129222 + 2*)
44 44 44

=(2,2 22,2
G2 1gl(B,2), EZV[g)(E, 2)
** symmetry

V152 (y — 2) (y + 2)
2

VIBy (@ - 2) (x + 2)
2

** expression

V22G .z (2x4 + 112%y? — 312222 4+ 9y* — 87y%22 + 3024) V66G,x (21'4 — 7322y 4+ 532222 + 51y* — 87y22% — 12z4)

88 264
V66G.,y (121’4 — 4622y + 662222 + 5yt — 49?22 — 924)
- 132
V66G,,2 (12r4 + 66I2y2 — 462222 — 9y4 — 43,/2,22 + 5z4) 21\/@Gyza:yz (y—2)(y+2)
+ 132 + 44

V22G,y (92* + 1122y — 872222 + 2y* — 31222 + 302%) N V66G.y (51a* — 7322y — 872222 4 2y* + 53y?2? — 1224)

88 264
B V66Gyx (5z* — 463%y? — 42222 + 12y* + 66y222 — 92*) N 21V66G . xyz (x — 2) (x + 2)
132 44
V66G,.z (924 — 6622y? 4 42222 — 12y* 4 463222 — 52*
y
- 132

* Harmonics for rank 4
G& P lgl(Ar, 1)
** gymmetry
V21 (2% — 322y? — 32222 + y' — 3y?2% + 21)
6

** expression

V30G, (1’2 +y? - 22:2) N 3V10G, (z —y) (z +vy) B V10G,,zy B V10Gy,,xz B V10G,.yz
20 20 5 5 5

GP ) [g)(A1,2)

** gymmetry

V15 (:54 — 122%y% 4 62222 + y* + 6222 — 2z4)
B 12

** expression

V442G, (:L‘2 +y? - 222) B 3v14G, (x—y)(z+vy) N QMG,,WIZ/ B V14G,,xz B \/ﬁGyzyz
28 28 7 7 7

G g)(A11)

** gymmetry

V21 (154 — 3:L'2y2 — 32222 4+ y4 — 33,/2,22 + 24)
6

** expression

Vv 165G, (z* — 120%y% + 62222 + y* + 6y%2% — 22%) N V55G, (z — ) (z +y) (z® +y? — 62%)
66 22
n V55G. 7y (12 +y? - 62’2) N V555G, 2 (r2 — 6y? + 22) 3 V55G,.yz (6,702 —y? - 22)
22 22 22

G g)(A1,2)

** gymmetry

V15 (x4 —1222y? 4 62222 + y* + 69222 — 2z4)
B 12

** expression

V231G, (82* — 332%y? — 15222 + 8y* — 15?22 + 52*) +_\/776Q(x——y)(m—ky)(x247y2——6z2)
231 77
\/ﬁGwymy (z2 +y? - 622) VTTGysxz (16x2 —33y% — 522) \/ﬁGwyz (33.1:2 —16y% + 522)
+ 14 a 154 + 154

6




G [g)(A11)

** gymmetry

V21 (1’4 — 322y — 32222 + y* — 3222 + 24)
6

** expression

v 15015G,, (:1:6 — 152422 + 15222* + 8 — 15y%22 + 15y%2* — 226)

572
N 3v5B005G, (z — y) (z +y) (2 — 922y? — 5a?2? + y* — 5y?22 + 524) N VB005Gyxy (To* — 1922y? — 132222 + Ty* — 13y222 + 1324)
572 286
n V5005G ;.2 (714 —1322y% — 192222 + 13y* — 13y22% + 7z4) n V5005G, yz (13:1:4 — 1322y — 132222 + Ty* — 199222 + 724)
286 286

GP?[9)(A1,2)

** symmetry

V15 (x4 —1222y? 4 62222 + y* + 69222 — 2z4)
12

** expression

VA29G,, (28 + 4527y — 602122 + 4522y — 54022y?2? + 150222 + y® — 60y 22 + 150y%2* — 2025)

1144
21V143G, (z — y) (x + y) (:r4 — 202292 + 62222 + y* + 6y%22 — 624) V143G wy (a* — 4a?y? + 22227 + y* + 29222 — 224)
1144 52
N V143G, 2z (zt 4 5622y — 222222 — 11y* — 34y222 + 1021)  TV143G,.yz (112 — 5622y? + 342222 — y* + 229222 — 102%)
572 572

GV lg)(42)

** gymmetry

V35zy (z —y) (z +y)
2

** expression

2 * 4

G [g)(As)

** symmetry

V/35zy (x—y)(z+y)
2

** expression

WGy (- y) (z +y) N V33G,my (22 + 4 — 627)

11 22
V33Gay (z—y) (x+y) (22 + 92 —62%)  TV33Ga.yz (322 —y?)  TV33Gy.2z (22 — 3y?)
+ + +
44 44 44
G [g)(A2)

** symmetry

V35zy (z —y) (z +y)
2

** expression

9V1001Gyuzy (z —y) (z + y) (:):2 + y% — 102?) N V3003G,zy (251'4 — 8222y — 42222 4+ 25y* — 49222 + 424)

572 572
V3003Gay (z — y) (z +y) (20* — 292292 + 222 + 2y* + 1222 — 2*)
286
N 3v3003G,.yz (8:[4 —132%y? — 32222 +¢* + y2z2) 3 3v3003G,.x2 (:L'4 — 132%y% 4+ 2222 4+ 8y* — 3y222)
286 286

GE2[g)(By)

** gymmetry

V5 (x—y) (z+y) (22 + y* — 622)
1

** expression
3VIAG, (z —y) (z +y)  V42G, (2% +y? —22%)  VA2G,.xz  VA2G,.yz
- + - + '
28 28 7 7
7




GPOg)(By)

** gymmetry

Vb (z —y) (x+y) (2% + y* — 622)
4

** expression

VTG, (z —y) (z 4+ 7) (2% +y? — 62%) N V231G, (22* — 3a%y? — 92222 + 2y* — 9y?2% + 32%)

s s
n V231Gyzy (x —y) (x +y) V231G.22 (2952 — 332 + 922) V231G, yz (33952 — 2% — 922)
22 154 154

G [g)(By)

** gymmetry

Vb (z —y) (x+y) (2% + y> — 62°)
4

** expression

21V143G, (z — y) (z + y) (z* + 22%y* — 162222 + y* — 16y222 + 162%)

1144
4_\/429(:1,(13x6,45334;,2,1509;422145x2y4+540z2y2224—60x2z4+13y6,150y4z2+60y2z418z6)
1144
21V429G pyay (x — y) (x +y) (2 + 9 — 102%)  TV429G,.wz (Tat — 4a?y? — 222727 — 11y* + 26y%2% + 42%)
+ +
572 572
+_7\/4296@Zyz(11m4474x2y2——26x222—77y4—%22y222474z4)
572

G [g)(B2)

** symmetry

Vbay (,772 +y? - 622)
2

** expression

3VI4Gzy  V4A2G,, (2% +y? —22%)  V42G,.yz  V42G,.zz
u 28 t— T

G l9)(Bz)

** gymmetry

Vhry (22 + y? — 622)
2

** expression

_ZﬁGuxy (:L‘2 +y? - 622) _ V231Gyay (z—y)(z+y) vV 231Gy (x4 + 3022y? — 362222 + y* — 369222 + 12z4)

77 22 308
V231G,.yz (3927 — 31y? +182%)  V231Gy.xz (31x% — 39y? — 1827)
* 308 - 308

G2 [9)(Bz)

** gymmetry

Vhry (22 + y? — 622)
2

** expression

21V143G wy (z* + 22%y? — 162222 + y* — 16y222 + 1621)  21V429G, @y (z — y) (x + y) (22 + y* — 102?)

572 572
V429G, (228 — 152492 — 152422 — 1522y + 18022y%22 — 152224 + 25 — 159422 — 15y22* + 226
T y
286
V429G, yz (83:4 + 7x2y? — 232222 — gt + 2% + 224) n V429G, vz (.7:4 — Ta?y? — 2222 — 8yt + 239222 — 224)
286 286

G472 9)(B, 1), G 2g(B, 1)

** gymmetry

V3byz (y — 2) (y + 2)
2

7\/£xz(x—z)(x+z)
2




** expression

3\/§Guy2 \/éGuyZ \/6Gyz (y - Z) (y + Z)
1 1 7 4

3V2G, zz 3 V6G,xz 3 V6G,. (z — 2) (z + 2)
4 4 4

G472 9I(E,2), G P10(E,2)
** gymmetry

Vbyz (6:102 . z2)
2

Vhzz (332 — 6y? + z2)
2

** expression

3VI4G.yz  3V42G,yz \/@Gmywz VA2G,  xy \/‘EG;/Z (2562—3/2—22)
T S 7 + 7 + 28

3VI4G a2 3VA2G,xz  V4A2G.yz V42G,. (22 =2y% +2%)  V42G,.zy
8 2w 71 28 T 7

GO 9)(E, 1), G [g)(E,1)

** gymmetry

V3byz (y — 2) (y + 2)
2

35zz (v — z) (z + 2)
2

** expression

VI1G,yz (18302 +11y2 — 17z2) n V33G,yz (6$2 — 15y2 + 1322) n TV33G 2 (3y2 — 22)

44 44 44
N TV33G..ay (v —322)  V33G,. (y— 2) (y + 2) (627 — y* — 22)
44 - 44

 V11Gaz (112® +18y* — 172°)  V/33G,az (152° — 6y° —132%)  TV/33Guyz (32° — %)

44 44 44
V33G,. (x —2) (x + 2) (ac2 —6y% + 22) 7V33G,.xy (;1:2 - 37;2)
44 44

E309)(E, 2), GV [9)(E, 2)
** gymmetry

\/gyz (6:):2 — y2 — 22)
2

NG T (1:2 — 6y + 22)
2

** expression

VTTGyz (2422 — 25y2 4 1722) N V231G, yz (242% + 3y* — 112?) N V231G, w2 (1822 + 39y% — 3122)

308 308 308
_pmm@ﬂuwﬁ—mf+wﬁ)\nm@Auﬁ—%ﬁf—%ﬁf+¢+%fﬁ+ﬁ
308 308

VTG 2z (2522 — 24y? — 172%) N V231G, zz (322 + 24y* — 112%)  V231G,yyz (3922 + 18y — 3122)
308 308 308
V231G, (ac4 — 3622y? 4 302222 + 12y* — 36y%2% + z4) V231G, vy (31;v2 —18y% — 39z2)
* 308 + ' 308

G lg(E,1), G [g)(E,1)

** symmetry

V35yz (y —2) (y+ 2)
2

_\/ﬁmz(mfz) (x+2)
2




** expression

3V1001G,yz (224 + 132%y? — 172222 + 11y* — 41y22% + 142%)  V/3003G,yz (22 — 472%y? + 432222 + 17y* — 41y?22 + 824)
572 572
3v3003G 2 (3$2J2 —x22% — 8yt + 133222 — z4) 3v3003G . xy (a:2y2 — 32222 +yt — 139222 + 824)
286 286
N V3003Gy. (y — 2) (y + 2) (2 — 2?y? — 2222 — 2y + 299222 — 224)
286

3V1001G, xz (112t 4 1322y? — 412222 + 2y — 17y222 + 142%)
572

V3003G,zz (17304 — 47x2%y? — 412222 + 2y* + 433222 + 824) 3v3003G,yyz (8.7:4 —32%y? — 132222 4+ ¢%2% + 24)
572 236
V3003G,: (z — 2) (z + 2) (22 + 22y — 292222 — y* + 3222 + 224) +_3\/3003ngxy(x447x2y2 132222 — 3y%2% + 824)
236 236
=(2,2 =(2,2
CEP (B, 2), GF [9)(E,2)

** symmetry

V5yz (6x2 —y? - 22)
2

NGLZ (r2 — 6y? + 22)
2

** expression

21V143G y = (8x4 + T22y? — 232222 — gt + 222 + 224) 21V429G ,yz (8334 — 1322y — 32222 +¢* + yzzz)
B 572 - 572
7\/@Gwa¢z (2x4 — 2322y + 2222 + 8yt + Ty22? — 24) 7V429G . xy (23:4 +22y? — 232222 — Yyt + Ty22? + 8z4)
- 286 a 286
\/@GW (23:6 — 152%y? — 152422 — 152%y* + 18022y222 — 15222 + 2¢% — 15y*22 — 159224 + 226)
+ 286
21V/143G 2 (:L‘4 — Tx?y? — 2222 — 8y + 239222 — 224) 21V429G 2z (;L'4 —1322y2 + 2222 + 8y* — 3y222)
B 572 * 572
V429G, y 2 (8x* — 23a2y? + Ta?2% 4 2y* 4 227 — 24)
* 286
V429G, (2z6 — 152%y? — 152122 — 1522y* + 180229222 — 152224 + 2y8 — 159122 — 15y%2% + 226)
a 286
V429G, zy (3:4 —a2y? — T2?22? — 2yt + 234222 — 824)
286

10



