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Table 1 Harmonics for rank 0.

No. multipole expression

1 Qo(A) 1

Table 2 Harmonics for rank 1.

No. multipole expression
2 Q) oy
3 Qu(B,1) =
4 Qi(B,2) =

Table 3 Harmonics for rank 2.

No. multipole expression

5 QA1) -8y 2
6 Qud2) LBeoneh

7T Q24,3 3z

8  Qu(B,1) 3yz

9 QB,2) V3ay

Table 4 Harmonics for rank 3.

No. multipole expression

10 Q3(4,1)  V1bayz
y(322—2y2+322
11 Q3(4,2) 747;)
12 Q4(4,3) —Vibule—z)(ts)
x(22° —3y* 327
13 Qs(B,1) %
14 QB2 _Ulrioe)
15 Qs(B,3) Yot
16 Qs3(B.4) w

[ monoclinic |



Table 5 Harmonics for rank 4.

No. multipole expression
1T Q4,1 S )
18 Qu(4,2) - ‘/ﬁ(f*1212y2+61122;2+y4+6y2227224)
19 QA3 Yemwernltter)
20 Qu(A,4) _w
21 Qu(A,5) 7%
22 Qu(B,1) Youlatz)
23 Qu(B,2) Yuule—uty)
24 QB3 L)
25 Qu(B4) —Ylhioe)
Table 6 Harmonics for rank 5.
No.  multipole expression
26 Qs(4,1) w
27 Qs(4,2) M .
28 Qs(4,3) y(151474011y2+3012:+894*40y1z2+15z4)
29 Qs(4,4) 3\/£y(z2_212_822)(12+2xz—z2)
30 QA5 LMot
31 Qs(B,1) 1(814,401292740122?15@/4”%222“524)
32 Qs(B,2) z(15q;4+30w2y274011:222+15y4740y2z2+8Z4)
33 Qs(B,3) 3 3513(y272yz7822)(y2+2y2722)
34 Qu(B4) 2w (n )
35  Qs(B,5) \/ﬁz(yfzﬂytlz)(mtyz,za)
36 Qs(B,6) mz(z‘y)(z‘zy)(zz+y2—222)




Table 7 Harmonics for rank 6.

No. multipole expression

\/5(2@6—159:4y2715w4z2715w2y4+180722y2z271512z4+2y6—15_1/4z2715y2z4+2z6)

37 Qs(A,1) s
38 Qe(4,2) —YBRE-WEH)E et @) ut:)
39 Qs(4,3) — ‘/ﬁ(“"s*15w4z2+15w2z4;y6715y4z2+15y2z472,z6)
40 Q6(4,4) \/E(I*y)(zﬂ,)(14,9121182751222+y475y222+524)
41 Q¢(4,5) 3f7'7"2("”_2)("’JrZ)(ﬂﬂz—10y2+z2)
42 Qs(A, 6) 4621,2(12713;2)(3127z2)
43 Qs(A,7) 21012(14—1612y2+2f:zz+16y4_16y222+24)
4 Qe(B,1) Sﬁyz(y’z>(y+:>(10x2—y27z2)
45  Qs(B,2) - Sﬁzy(z*y)(1+f)(12+y2—1022)
16 Qu(B,3) V=)o)
47 Q¢(B,4) @zy(zi—f)(azz,yz)
48 Q6(B.5) myz(wﬁ_mmzyrz_1;63:222+y4+2y222+z4)
49 Q¢(B,6) mzy(zu?ﬁyzimizzw“716y2z2+162“)
Table 8 Harmonics for rank 7.
No. multipole expression
50 Qr(4,1) \/ﬁzyz(3I475zzy275212ZQ+3y475y2z2+324)
51 Qr(4,2) — \/ﬁzvyz(wfy)(wzy)(31,2+3y271()z2)
52 Qr(4.3) - ﬁzyz(314—201292+111222+3y4+10y2227624)
53 Qr(4,4) 71’(3516—21Om4y2+105;n422+1683:2y4_420302y126z2+1051224_16y6+168y422_210y224+3526)
54 Qr(A,5) — \/ﬁy(zthzfzz)(Izt?zfzz)(312710y2+322)
55 Qr(4,6) - my(z_z)<x+z)(123—2412+22)(m2+4xz+z2)
5 Qr(A,7) - \/Ey(acfd(wﬁ»z)(1500478012y;2+3012z2+48y4780y2zg+lsz4)
57 Qu(B,1) z(wzs7168141’2’1683”422+21012y“+420z2yfgzhmzzz“735y6—105y“227105y22473526)
58 (B2 - Z(Ssa:6+105$4y27210”:4Z2+105‘12y4*420”32y12622+168w2z4+35y67210y4z2+168y2z4716z5)
59  Q(B,3) 231z(1012,3y2,3z2)(1y(j,2y2722)(y2+2y27z2)
60 Qr(B,4) - \/ﬁz(ﬁ_my—yz)(mZ-Ezmy_ﬁ)(3;n2+3y2_1022)
61 Q:(B,5) \/mmwfz)(wz)(yz,;y”ﬁ)(y2+4w+z2)
62 Q(B,06) mz(z—w(r+y>(’2?;4xy+y2)(m2+4zy+y2)
63  Qr(B,7) \/Ea:(y*z)(y+z)(481478012743227809:2z2+15y4+30y;Z2+15Z4)
64 Q7(B,8) \/Ez(zfy)(z+y)(1514+3012y;2,801222+15y4780y2Z2+4824)




Table 9 Harmonics for rank 8.

No. multipole expression
33(:1:8—14:E6y2—14:1:6z2+35:1:4y4+35:1:4z4—14:ﬂ2y6—14:1:226+y8—14y622+35y4z4—14y2z6+28)
65  Qs(4,1) Y .
286(2® —142%y> —142° 2242102 y? 2> — 1422y 421027y 22 — 42022y 2" + 2827 20 49 — 14y °2* + 28y 2% —227)
66 QB (A, 2) 64
VB58(z—y) (z+y) (2 +y° —1427) (2” —4wy+y?) (° +4zy+y?)
67  Qs(4,3) - -
V210(2®—622°y° +342° 2> +1602" y* —30a" y 2> 802" 2* —622°y° —30a°y* 22+ 6027y 2" + 2827 2%+ 5434y 2> — 80y 2* 428y 20 —22°)
68  Qs(A,4) -
- 3V 70(x—y)(z+y)(16 +314y2—301422+312y4—6012y222+801224+y6—30y422+80y224—3226)
69 QS (A7 '3) - 64
3VT15zz(z—z2)(z+2) (12—2xz—z2)(w2+2wz—z2)
70 Qs(A,6) — 5
3VTTzz(x—2)(z+2) (2 =242 y? + 222 22 440y * —24y% 22 424
71 QS (A7 7) - ( 16 )
858.1}2(.’1:2—3z2)(3:1:2—z2)(:1:2—14y2+z2)
72 Qs(A,8) - -
3v/T0zz (2% =30zt y? +321 22 +802%y* —6022y% 22 + 352 2% —32y% +80y? 22 —30y2 21 +2°
73 QB (A, 9) - ( 32 )
3\/715yz(y—z)(y+z)(y2—2yz—z2)(y2+2yz—z2)
74 Qs(B,1) 5
3V715zy(z—y) (z+y) (2? —2zy—y?) (2® +2zy—y?
5 Qs(B,2) ( - X )
3VTTyz(y—=z)(y+2) (40:54—24123,/2—241222+y4+2y222+z4)
76 QS (37 3) 16
3VTTzy(z—y)(z+y) a:4+2w2y27241:2z2+y4724y2z2+40z4)
77T Qs(B,4) ( v
858yz(y?—322)(3y%—22) (1422 —y? -2
8 Qups) IR )
vV 858:ﬂy(:)}2—3y2)(3:1:2—y2)(:172 +y2—1422)
79  Qs(B,6) — 7
3v/T0yz(322° —80z1y? —80x* 22 +3022y? +-60x2y? 22 43022 24 —y® —3y* 22 —3y22* 2
80 Qs(B,7) ( - )
3\/7O:ry(.1:6+314y2—301422+3m2y4—60123/222+80z224+y6—30y422+80y224—3226)
81 QS (37 8) - 32




Table 10 Harmonics for rank 9.

No. multipole expression
510510zyz(z—y)(z+y)(z—2)(x+2)(y—=2)(y+=
82 QA1) Y on)(at)e=)at)y=2)r+2)
330zyz 6:1:6—21:1043/2—21:1>4z2—21:1>2y4+140:)72y222—21:1:2z4+6y6—21y422—21y224+626
83 Qo(A2) Ve : )
4290z yz(z—y) (z+y) (3z1 —11a2y? 72?22 43yt —7y2 224724
81 Q43 YERmenEn)(ets )
3v 14302y z :nG—7.1:422+7;z224+y6—7y422+7y224—226
85 Qo(A,4) Y/IEUm : )
86 Q (A 5) y(315z873360906,1/2+1260z(’z2+6048z4y47100809@4y222+1890:c4z47230412yf’+1209612y4z27100809021/2z4+126012z6+128y8723041/67,2+6048y4z473360y2z6+315z8)
9(A, 128
3\/12155y(z4—4132—6x222+4123+24)(z4+4z32—6x222—4123+z4)
87 QQ(Av 6) 128
3v5005y 2?2 —222—22) (22 +202—22 w4781'2y2+2w2z2+8y478y2Z2+z4
PR YERTR )
\/4290y(17z)(z+z)(zzf4zz+z2)(12+4zz+22)(312714y2+3z2)
89 Qo(4,8) o
90 Q (A 9) 3\/1IOy(:L'—z)(:l:+z)(7:1:6—70:1:4y2+21:1:422+112:1:2y4—14O:E2y222+21:1:224—32y6+112y4z2—70y2z4+726)
AN 64
91 Qo(B,1) z(1282° —23042°%y> —23042° 2> 46048z y* +120962" y* 2° +6048z" 2* —33602°y° — 100802y 2> — 10080y 2* —33602° 2°+315y° +1260y° 2° +1890y* 2* +1260y° 2°+3152%)
AN 128
92 Qo(B,2) 2(315254+12602°y —33602° 2% +1890z*y* — 100802y 22 46048z 24 +12602y® — 1008027y * 2%+ 120962y > 2* —23042> 2+ 315y® — 3360y ° 2> +6048y* 2* — 2304y > 26+ 1282")
I 128
3v12155x y474y3zfﬁy222+4yz3+z4 Yty 2 —6y2 2% —dyz3 421
03 Qu(B,3) 22 s )
3\/121552(z4—4z3y—6x2y2+4zy3+y4)(z4+413y—612y2—4zy3+y4)
94 QQ(B74) 128
3v5005z y272yzfz2 y2+2yzfz2 81’478352_1/278z2z2+y4+2yzz2+z4
0% QB E 4 !
3\/50052(12721y7y2)(12+21y7y2)(14+212y2781222+y478y222+824)
96 Qo(B,6) 2
42902 (y—2) (y+2) (1422 —3y? —322) (y2 —4yz+22) (y> +4yz+22
07 Qup7) LI (-2 X )
\/42902(171/)(z+y)(z2f4zy+y2)(zr"+4zy+y2)(312+3y2714z2)
98  Qo(B,8) - »
99 Q(B,9) 3v110z(y—=2) (y+2) (322° —1120*y* —1122* 2%+ 7027 y* +1402y? 22+ 7027 2* = 7y — 21y 22 — 2192 —729)
9 5 64
3\/110z(zfy)(z+y)(7164»2114,1/27707:4z2+2112y4714012y2z2+1129:2z4+7y6770y4z2+112y2z4732z6)
100 Qo(B,10) — o




Table 11 Harmonics for rank 10.

No. multipole expression

V 390(21’1074518112 745928z2+42w6_1/4+10081:6y2z2+42wﬁz4+4214y6 - 12601!4]/4 2_ 1260174],/2 244422420 745x21/8+1008w2ysz2 - 1260w2y4z4+10081‘2y2z6 745x2z8+2y10 745_1/8z2+42ysz4+42y4z6 745_1/2z5+2z10)

101 Qi0(A,1) 96
27170(z—y) (z+y) (x—2) (z+2) (y—2) (y+2) (3z* —112%y? — 112222+ 3y* — 119222 +32*
102 Qu(4,2) - i )
\/420189(22:)710+45:1:8y2—1035:)78,22—105:1>6y4—630:1:6y2z2+4935msz4—105:1>4y6+3150:1:4y422—1575:1:43/224—4830:1:4z6+45:1:2y'S—63O:ﬂ2y6z2—1575:ﬂ2y4z4+1260,’1z2y2z6+990.’1:228+22yw—1035y822+4935y624—4830y426+990y228—44z10)
103 Quo(4,3) — 35952
VI40063(z—y) (v+y) (220° —6532°y> —3152° 22426022 y* —9450 42 2% +1575a" 2" —6532%y° —9450°y* 224+ 31502°y? 2! — 168027 2°+22y® —315y° 22 + 1575y 2* 1680y 2° +3602°)
104 Qio(A,4) 11984
. . \/3213210(3;}310—96.1:8y2—391822+2247136y4+1344.t6y222—42sz4+224.1:4yG—6720z4y4z2+336014y224—182:13426—962:2y8+134412y622+3360:z2y4z4—2688:z2y226+1352228+3y10—393/822—42y624—182y426+135y228—6210)
105 @10(A, o) - 33968
VI0TI070(z—y) (z+y) (92° —1652°y> —2312° 2% — 252 y* +38012" y?2° +4062" 2" — 16527y +38012%y* 2% — 96742y 2" +2662° 20 +9y® — 231y 2> 4406y 2* +-266y° 2° 572
106 Qi0(A,6) 23968
1215522 (z—2) (z+2) (22 —18y>+22) (22 —2x2—22) (22 4202 — 22
07 Qa7 VI (=13 +2%)( I )
\/2145wz(1'7z)(:l:+z)(a:674214y2+3x4z2+1681'2y4784w2y2z2+31‘2z4—112yf’+168y4z2742y2z4+z6)
108 Qi0(A4,8) =3
V92378zz(2* —102222+521) (52" —102% 2% +2*
109 Q10(4,9) ( 256 X )
4290z 2 (2% —322) (32222 3.7;4—96:1:2y2+6:l:2z2+224y4—96y222+3z4
110 Q10(4,10) ( X X 356 )
16522 (72" —3362°y>+282°27+16802" y* — 10082y 22 +422* 2* — 17920y + 33602y 22 — 100827y 2! +2822 2°+384y° —1792y° 22 41680y 2* 336y %20 +72%)
111 Qq0(A4,11) 195
12155y z(y—=2) (y+2) (1822 —y? —22) (y2 —2yz—22) (y? +2yz— 22
2 QB Y (152" =) ) )
121552y (z—y) (x+y) (2% +y% —1822) (22 —20y—y?) (¢2 420y —y?
113 Qu(B,2) - ( 18)( )( )
\/2145yz(y—z)(y+z)(11216—168x4y2—1681422+4212y4+8412y222+421224—y6—3y422—3y224—26)
114 Q1o(B,3) =3
\/21451:y(w7y)(x+y)(w6+3w4y2742w4z2+3J:2y47841'2y2z2+16812z4+y67421/4z2+168y2z4—112z6)
115 Qio(B,4) - =
V92378yz(y* —10y? 22 +521) (5y* =10y 22 424
116 Qio(B,5) ( 256 X )
\/92378:1:3/(:1:4—10:1:2y2+5y4)(5:1:4—10:1:2y2+y4)
117 Q10(B,6) 356
VA290yz(y> —322) (3y° —22) (2242 — 9622y —962% 2% +3y" +6y> 2> +32")
118  Q1o(B,7) 556
\/429030y(302—3y2)(3.1:2—y2)(3;r4+61:2y2—96:):222+3y4—96y222+224z4)
119 Q10(B,8) oG
V165y2(3842° —17922%y° —17922° 2% +1680a" y* +33602" y* 22 416802 2* —3362°y° — 10082y 22 — 10082y > 2* —3362° 2+ Ty® +28y° 2 +42y" 2* 428y %20+ 72%)
120 Q10(B,9) 53
\/165xy(7:@8+2816y2—33690622+4214y4—100814y222+168014z4+2812y6—100812y422+336012y224—179212z6+7y8—336y622+1680y4z4—1792y226+384z8)
121 QlO(B’ 10) 128




Table 12 Harmonics for rank 11.

No. multipole expression
122 Qu(4,1) V2431zyz (525 —302%y° —302° 2%+ 632 y* +632 2% —302°y° 302”26 +5y° —30y° 2" +63y* 2* —30y° 20 +52°)
11(A4, 3
V692835xy 2 (z—y) (x+y) (27 +y? —622) (2% —2zy—y? ) (z*+22y—y?)
123 Q11(4,2) — =
124 Q (A 3) \/2309451yz(187616y27616z2+42z4y2z27612y6+4212y4z2784zzy224+121226+y576y622+12y2267228)
11(A4, - ED)
125 Q (A 4) 3V lOOl:l:yz(:L'—y)(:z-l—y)(5:)76+15:1:4y2—70:1:422+15:L'2y4—l40:1>2y222+168:1:2z4+5y6—7Oy4z2+168y224—80z6)
11 ) - 32
126 Qu(A,5) V/3008zyz(52° —1502°y°+902° 22 43363 y* —702" y 22— 1683 2" — 15002y — 7022y " 2% +1402°y? 2" +602° 2° +5y°+90y° 22 —168y* 2" +60y*2° ~102°)
11(A4, - 33
127 Qu(A,6) y(6932°—1155025y>+34652° 22 +369602° y* —462002°y 2% +69302° 2* —316802* y°+110880z* y* 22 —693002 y 2* +69302 20+ 704027y ® — 633602y 22+ 1108802 y* 2* — 462002y 26 + 346522 2° —256y ' *+ 7040y ® 2% — 31680y ° 2* +36960y* 26 — 11550y 25+69321°)
11(A4, - 356
128 Q (A 7) \/6928351}(12761/2#%2)(z4f4z:‘Z7612z2+41z3+z4)(z4+4z3zf()‘z2z274zz3+z4)
11 ] - 256
129 Qu(4,8) 3v1001y (2% —202—27 ) (2°+222—27) (529 =702 y® + 152" 2 +1682%y* —1402°y? 2° +152° 2* —80y*+ 168y " 2> — 70y 2" +52°)
11(A4, - 198
130 Q11(A 9) _ \/1939938y(1*z)(111'+z)(7;4*4132*1412Z2*41’Z3+Z4)(IL'4+4173Z*14()22Z2+4ZZ3+Z4)
’ 512
131 Q (A 10) V14586y(z—z)(z+2) (1274zz+z2)(z2+4zz+z2)(1514716012y2+301222+224y47160y2z2+1524)
11(A4, - 512
132 (@ (A 11) \/2145y(:1:—z)(:1:+z)(21:1:8—336:1:6y2+84:1:622+1008:1:4y4—1008:1:4y222+126:1:4z4—768:1:2y6+2016:1:2y4z2—1008:1:2y2z4+84:1:226+128y8—768y622+1008y4z4—336y2z6+2128)
11(A4, - 556
133 Qu(B,1) 2(2562'° —70402%y> —70402° 22+ 316802°y* +633602°y %2> +316802° 2* —36960z"y® — 1108802 y* 2% — 1108802 " y* 2" —369602" 2°+ 115502 y®+462002°y° 2> +693002>y* 2" +462002>y> 2%+ 115502 2% — 693y ' —3465y° 2> —6930y° 2* — 6930y 2° — 3465y 2° —6932"°)
11(D, 356
134 Qu(B.2) (693210 +34652%y* —115502° 2% +69302°y* —462002°y? 22 +369602° 2* +6930 y® —693002* y* 2% +110880z*y> 2* —316802* 2+ 346527y — 462002y 2%+ 1108802 y* 2* — 6336027y > 26+ 704022 25+ 693y * —11550y° 2> +36960y° 2* —31680y* 26+ 7040y 2° —2562"°)
11(D, - 356
Vv 6928351(6x2 —y?—2? ) (y4 74yBZ76y2z2+4yz3+z4) (,1/4+4yﬁzf6yzz2 74yz3+z4)
135 Q11(B,3) 556
1 B. 4 \/692835z(z2+y2—6z2)(14—4z3y—612y2+4zy3+y4)(z4+4z3y—6x2y2—4xy3+y4)
36 Qu(B,4) - 556
137 @ (B 5) 3\/10012:(,1/272yzfz2)(y2+2yzfz2)(801:67168w4y27168z4z2+70w2y4+140w2y2z2+701’2z475y6715y4z2715gj2z475z6)
11 ) 128
138 Q (B 6) 3V 10012(12721117'5/2)(zz+21y7y2)(515+1514y27701422+1512y4714012y2z2+1681224+5y6770y4z2+168y22478026)
11(D, - 198
Vv1939938z(y—=z)(y+2) (y4 —4y®z—14y?2? —4y23+z4) (y4+4y3z— 14y222+4y23+z4)
139 Qui(B,7) 5713
V19399382 (z—y)(z+y) (14 —day—1422y® —daxy>+y* ) (z4+413y71412y2+4zy3+y4)
140  Q11(B,38) =13
141 Q (B 9) \/145861(y—z)(y+z)(y2—4yz+z2)(y2+4yz+22)(224m4—16012312—1601222+15y4+30y222+1524)
11 ) 512
142 Q (B 10) vV 14586z(zfy)(1‘+y)(1274zy+y2)(z2+4xy+y2)(15z4+30z2y2716012z2+15y47160y2z2+224z4)
11 ) 512
143 Q (B 11) x/21451(y—z)(y+z)(128908—76816y2—7681622+1008x4y4+201614y222+100814z4—33612y6—1008123/422—1008123/224—3361226+21y8+84y622+126y4z4+84y2z6+2128)
11(D, 556
144 Qu(B,12) V21452 (z—y) (z+y) (21254842 y? —3362° 2% +1262% y* —10082 y? 22 +1008" 24 +842%y® 100822y * 22 +20162y 2* — 76827 20 +21y° — 336y ° 2%+ 1008y 2* — 768y > 2°+1282°)
115, 556




