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Table 1 Harmonics for rank 0.

No. multipole expression

1 Qo(A1) 1

Table 2 Harmonics for rank 1.

No. multipole expression
2 Qi(41) =z
3 Qi1(E) =z
4 Qi2(E) y

Table 3 Harmonics for rank 2.

No. multipole expression

5o -
6 QuBy) Lt
7 Qs(Bs) 3y

8 Q(B) Vi

9 Qua(E) V3yz

Table 4 Harmonics for rank 3.

No. multipole expression

_ 2(312+3y2 7222)

10 Qs(4) ;
11 Qs(By) w
12 Qs(By)  VIbayz
2(222 —3y%—322
13 Quu(E,1) S
L,
14 Quu(B,1) B2
15 Qs1(E,2) w
16 Quo(E,2) Yz @tz




Table 5 Harmonics for rank 4.

No. multipole expression
17 Q4(A1,1) \/ﬁ(a:473x2y27iiw;zz+y473y2z2+z4)
18 Qu(A1,2) - \/E(EA*1212y2+61122z2+y4+6y2z272z4)
19 Qu(dy) Yl wety)
20 Qu(B1) ﬁ(lw)(zﬂi(z%ytez?)
2 QuBy) - Yomlnioed)
22 Qua(E,1) w
23 Quo(E,1) Lotz
04 QB2 VIl
25 Qu2(E,2) w
Table 6 Harmonics for rank 5.
No.  multipole  expression
26 Qs(A1,1) 2(15I4+3012y2*407”2;2“51/“74031%%8#)
27 Qs(dy,2) T2ty
28 Qs(dy)  HESmlamuety)
29  Qs(B1) - mz(z—y)(Z-Zy)(12+y2_2z2)
30 Q5(B2) w
31 Qsa(£,1) 1(814740123/274012ZZ+1594+3092z2+1524)
32 Qs2(E,1) y(15w4740“’25’2”0’”2?*@4 —40y222+155%)
33 Quu(E2) e
3 Qua(E,2) WEM2ma)(ahrrn)
35 Qs51(E,3) \/ﬁzwfz)(yzz)(zzhyhzz)
36 Qs52(E,3) - my(z_z)(“;z)(zzﬁyzﬁ-zz)




Table 7 Harmonics for rank 6.

No. multipole

expression

37 Qg(A1,1)
38 Qs(A1,2)
39 Qs(A2)

40  Qg(By,1)
41 Qs(B1,2)
42 Qg(Ba,1)
43 Qo(B2,2)
4 Qs1(E,1)
45 Qea2(E,1)
46 Qg1(F,2)
47 Qe2(E,2)
48  Qg.1(E,3)
49  Qg2(E,3)

\/5(21,(’—15z4_1/2715z4z2715z2y4+180w2y‘ z

2

2

- 1512z4+2y6 —15y4z2 7151/2z4+2z“)

8
vV 14(167151422+151224+y6715y422+15y2247226)

3\ﬁa:y(w7y)(w+y)(a:2 +y2710z2)

8

4

_ V2310(z—y) (z+y) (z—2) (z+2) (y—2) (y+2)
8

VA2(z—y)(z+y) (1‘4 —922y? —52222 4yt —5y222 +524)

8

vV 462zy(12 73y2) (312 7y2)

16

\/2101y(z4+212y2 —161222+y4 — 16y222+1624)

_ 3\ﬁwz(z7z)(x+z)(722710y2+Z2)

16

4

3vTyz(y—2) (y+2) (102 —y —22)

4

\/@1%(9:27322) (39:2722)

16

vV 462yz(y2 7322) (Syz 722)
16

V210xz zt— 1612y2+2:t222+16y4— 16y222+z4)

16

L0 (
vV 210yz(16147lﬁz2y271612z2+y4+2y2z2+z4)

16

Table 8 Harmonics for rank 7.

No.  multipole  expression

50 Qq(A1,1) _2(3516“051492*2101422“0512@/“*420121’12;2“6“2”+3596*210y"22+168y2z4,1626)
51 (@7(1417 2) _ \/ﬁz(mz—2;cy7y2)(w241261y7y2)(31.2+3y2710z2)

52 Qr(4y) _ mzyz(zfy)(z+i/)(312+3y271022)

53 Q7(By,1) \/Wz(ar—y)(m-%—y)(:1>23—24:cy+y2)(:cz+4my+y2)

54 Qq(B1,2) \/Ez(zfy)(z+y)(1514+3012y;2,8012z2+15y4780y222+4824)

55 Qr(B2,1) mzyz(314_512y2—521222+3y4—5y2z2+3z4)

56 Qr(B,2) - ﬁwyz(3$4720%21}2+1Z‘T2Z2+3y4+10y2z276z4)

57 Qra(E,1) 1(1616716814?42’1681422+21012y“+42012912622+2101224*3596—105y“z27105y224735z6)
58 Qra(E,1) *y(35ws721014y2+1051‘422+168“’2y4*420x2y12622+105w2z4716y6+168y4z2—210y2z4+35z6)
59 Qri(E,2) 2311(10z2—3y2—322)(1y;*2yz—22)(y2+2y2722)

60 Qr2(£,2) - \/ﬁy(m'z_g,,;z_zz)(fﬁm_z?)(312_1%2%22)

61 Qri(E,3) \/mz(y*z)<y+z)(y23;4yz+z2)(y2+4yz+z2)

62 Qr2(E,3) \/Wy(x—z)(x+z)(123—24xz+z2)(z2+4zz+22)

63 Qri(E,4) \/Eac(y*z)(y+z)(480@4—8012y;;80z2z2+15y4+30y2z2+lsz4)

64  Qro(E,4) \/ﬁy(I*Z)(Hz)(lsz“—8012y5;301222+48y“78092Z2+1524)




Table 9 Harmonics for rank 8.

No.

expression

65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80
81

Vv 33(:1:8 - 14.'1:63/2 - 14.’1!:622-¢—35:1:4’y4-1—35,ur:424 - 14.’1:2y6 - 14:L'226+y8 - 14y622+35y4z4 —14y226+zs)
8

286(2° —142°%y® —142°2% 42102y 22 — 1422y + 21027y 22 42022y > 2" + 2827 20 +¢® — 14y ° 22 428y 20 —22°)

64

Vv 210(&0“3 —62®Gy2+34;z622 +160:n4y4 —30.1:4y222 —80x*2* —62@23/6 —3012y422+60162y2z4+281226+y8+34y622 —80y4z4+28y2z6 —228)

64
3V 715xy(17y)(7:+y)(a:272zy71/2)(12+21y7y2)
16
3WVTTzy(z—y)(z+y) (z4+2z2y2—241222+y4—24y222+4024)

16
V858(z—y)(z+y) (:l:2+y2 —1422 ) (1,2 74wy+y2) (w2+4wy+y2)
- 64
3V70(z—y)(z+y) (16+314y2 —30z% 2% +32%y* —6022y? 2% +80x2 2% +y° —30y* 22 +80y 2 2* 73226)

64
vV 858:1:y(:1:2 —3y2 ) (3.’1:2 —y2) (:1:2+y2 - 1422)
32

3vT0zy (2 +3a2"y* —302" 22 432 y* —602°y* 2 +802> 2" 45 —30y* 2° +80y° 2* —322°)
- 32
3V715zz(z—2)(z+2) (12 —271:2—22) (12+212—z2)

16
3\/715yz(1/7z)(y+z)(y272yz—z2) (,1/2+2yz—z2)
16
3VTTzz(x—z)(z+2) (14 —2412y2 +21222+40y4 —24y222+z4)
16
3VTTyz(y—z)(y+=2) (401-4 —24@2_1/2 —241:2z2+y4+21/2z2+z4)
16

\/8581.2(12 73z2) (312 722) (zz — 14y2+22)
- 32
\/858yz(y2 —322 ) (3y2 —z2) (14.’1:2 —y? —z2)

32

3VT0wz (20— 302"y 432" 2% +802y* —602°y? 2> +32% 2" —32y°+80y" 2% —30y° 2" +2°)
- 32
3V 70yz(32:z6 —80xty? —802% 2243022 y* +6022y2 22 43002 2% —yb —3y* 22 —3y 224 —26)

32




Table 10 Harmonics for rank 9.

No.

82
83
84

86
87
88
89
90
91
92
93
94
95
96
97
98
99
100

NN =N =W NN =
—_ e = e D O —

—_

S T S N O N VR

SN S R CS NS BN ©S BN € B cS IR S I ©

N N N s N NN

expression
2(31515+126016y2 —33602°22 418902 y* —1008024y? 22 +6048z4 24 +126022y° —1008022y* 22 +1209622y* 24 — 230422 25 +315y% —3360y° 22 +-6048y* z* 72304yzz6+12828)
128
3v121552 (.'1:4 —4:1:3y—6:1:2y2+4:1:y3+y4) (:114+4:1:3y—6:1:2y2 —4.’1:y3+y4)
128
3V 50052(12 72zy7y2) (12+21y7y2 ) (z/1+2z2y2 781922+y1 78y222+824)
64
_ V/510510zy2(z—y) (z+y) (z—2) (z+2) (y—2) (y+2)
8
V4290zyz(z—y)(z+y) (31471 122y? —722224+3y* 77y222+7z4)
8
V4290z(z—y)(z+y) (zz —4zy+y2) (12+41y+y2) (312+3y2 — 1422)
64
3V110z(z—y)(z+y) (71‘0+211'4y2 770z4z2+21x2y4 7140:L'2y2z2+1 12;1;2z4+7_1/6 770y4z2+112g/2z4 732z6)

64
V330wyz(62° 212y’ —212" 2% —212%y* +1402°y? 2° —212% 2 +6y° —21y* 22 —21y° 21 +62°)

8
3V 1430.’1:yz(:1:6 —7:1:422+7:E2z4+y6 —7y422+7y224 —226)

8
©(1282° —23042%y —23042° 2% +6048x y* +120962" y° 22+ 6048 2* 336027y ° — 1008022y * 2% — 100802y 2* — 336022 2°+315y° +1260y° 2> +1890y" 2* +1260y°2° +3152°)
128
y(3152° —33602%y % +12602° 2% +6048z* y* — 100802y 22 + 18902 2* — 230427y + 120962 y* 2> — 100802y 2* +12602” 20 +128y® —2304y° 2> +-6048y* 2* —3360y>2°+3152")
128

3%z(y474y3Z76y2z2+4yz3+z4)(y4+4y3zf(jy2z274yzx+z4)

128
3\/my(z4 —4132—61222+4xz3+z4) (z4+413z—61222 —4zz3+z4)

128
3\/%1:(1/2 72yzfz2 ) (y2 +2yz7z2) (&JL'4 78w2y2 78x2z2+y4+2y2z2+z4)

64
3\/%11(12 7212722) (zz+212722 ) (14 7812y2+21222+8y4 78y222+24)
64
\/4290:1:(y—z)(y+z)(14;1:2 —3y? —3z2) (y2 —4yz+z2) (y2+4yz+z2)
64
_ V4290y(z—2z)(z+2) (12 —4zz+zQ) (12+4zz+z2 ) (3z2 714y2+3zr")
64
3v110x(y—z)(y+2) (32306 —1122%y? —1122% 2247022 y* +14022y2 22 47022 24 —7y® —21y* 2% — 21y 2* —726)
64
_ 3vV110y(z—z) (z+2) (7x(i 77014,1/2+21z4zz4»112&52)1/‘l —14022y? 22 4212224 3290 +112y% 22 7701/2z4+7zf’)
64




Table 11 Harmonics for rank 10.

No. multipole expression

V 390(21‘1”745183/2 74528z2+42w6y4+1008z6y2z2+42x6z4+421‘4y6 — 1260954_1/422 - 1260x41/2z4+42w4z6 745x2yg+1008w2ysz2 71260w2314z4+10081:2y2z6 745w2z8+2yw 7453/8z2 +42ysz4+42y4z6 745,1/2z8+2zm)

101 Qq0(A4,1 56
102 Qo(Ay,2 \/420189(22110+4515y2710351822710515y4763016yQZZ+49351624710514y6+315014y4z27157514y2z4748301426+4512y8763012y6227157512y424+126012y2zs+9901228+22ym71035y8z2+4935y52474830y426+990y2z8744z10)
1041, - 35952
103 Quo(Ar.3 \/3213210(3:1010—96:1:51/2—39:ﬂ8z2+224.’£6y4+1344:1:6y2z2—42:1:6z4+224:1:4y6—6720:1:4y4z2+3360:n4y2z4—182.’6426—96:1:2y8+1344:1:2y6z2+3360:)72y4z4—2688:ﬂ2y226+135:1>2z8+3y10—39y822—42y624—182y426+135y228—6z10)
10{A1, - 23968
V12155zy(z—y)(z+y) (zz+y2 718z2) (12 721y71/2) (z2+21y7u2)
104 Quo(A2,1) -~ — - - —
32
105 Q A9 \/2145my(m—y)(z+y)(z6+3:z4y2—42z4zz+3302y4—842:2y222+168.1:224+y6—423/422+168y2z4—11226)
3 10{A2, -

32
V27170(z—y) (z+y)(z—2z)(z+2) (yfz)(:lﬁrz)(314711z2y271112z2+3y4711y2z2+3z4)
- 32

V140063 (z—y) (z+y) (22z8 —6532%y% —3152522 4260224 y* —94524 92 22 +15752% 24 —65322y® — 94522 y* 22+ 315022y 2 — 168022 26 +2295 — 315y 22 +1575y% 24 — 1680y > 2° +360z5)

=
ql\?

(
(
(
(
(
106 Quo(By,
(
(
(
(
(

—
N N N P N N N

11984

108 Qio(By,3 \/1071070(w7y)(x+y)(91:871655561/27231:L'Gz27251'4114+38011‘4y2z2+4061’4z47165w2,1/c‘+3801w2y42279674x2y2z4+266z2z6+9y872311/6z2+406y4z4+266y2z6757z8)

108215 23968

92378zy(z* —10z%y%+5y*) (521 —1022y% +y*

109 Quo(Bo1) YU o) )
110 Q B,.2 \/4290:1:y(:1:2—3y2) (3:1:2—y2) (3:L'4+6:l:2y2—96:ﬂ2z2+3y4—96y2z2+224z4)

10( D2, 356
111 Qyo(Bo.3 V165wy(72°+282%% —3362° 22 +420" y* — 1008 y? 22 +1680" 2! +-282%y® — 100827 y* 22+ 33602y 2! —17922% 20+ 7y® — 336y ° 22 +1680y" 2* —1792y% 20 +3842°)

10{D2,

128
Vv 12155:1:2(1—2)(.1.'+z)(:62—18y2+22) (12—212—22)(12 +2:z2—22)

112 Quoa(E,1) - 33
V12155yz(y—z) (y+2) (1822 —y? —22) (y? —2yz—22) (2 +2yz—22
113 Quop(E,1) ( 32 X X )
\/214512(1—2)(1:+z)(16—42z4y2+31422+16812y4—84x2y2z2+31224—112y6+168y4z2—42y224+z6)
114 Quoa(E,2) - 32
\/2145yz(y—z)(y+z)(1129:671681'41/27168J:4z2+421‘2y4+84w2y2z2+42z2z47,1/673_1/4z273y2z47z6)
115 Quo,2(E,2) =
V9237822 (2% —102222 4524 (52* —1022 22+ 24
116 Quo,1(E,3) ( 556 I )
V92378yz(y* —10y% 22 +52*) (5y* —10y2 2% +2*
117 Quo.2(E, 3) ( 256 ( )
V42902 (22 —322) (322 —22) (301 —9622y % + 62222 +224y1 —96y? 224327
118 Qiuoa1(E,4) ( X X 256 )
4290y z(y? —322)(3y? —22) (2242* —9622y> — 9622 22+ 3y* +-6y2 2% +32*
119 Quo2(E,4) ( X ) 256 )
1651z(718733615,1/2+28906z2+1680ac4y47100814,1/2z2+42z4z47179212y£5+336012y4z27100812y2z4+2812z“+384y871792y(iz2+1680y4z47336y2z6+7z8)
120 Qq0,1(E,5) 198
. \/165yz(384x8—179216y2—17921622+168014y4+336014y222+1680x4z4—33612y6—1008x2y4z2—1008x2y224—3361226+7y8+28y622+42y4z4+28y2z6+728)
121 Quo.2(E,5) 128




Table 12 Harmonics for rank 11.

No. multipole  expression
122 Q (A 1) z(693110+346518y2—115501822+693016y4—4620016y222+369601624+693014y6—69300x4y422+11088014y2z4—316801426+346512y8—46200z2y622+11088012y4z4—63360z2y2zﬁ+70401228+693y10—11550y522+36960y624—31680y426+7040y2zg—256210)
11(A1, - 256
692835z(1‘2+y2fﬁz2)(:L'474w33/761'2y2+4a:y3+y4)(1:4+4w3y76:l;2y2—4zy3+y4)
123 Q11(A1,2) - 256
124 Qui(Ar,3) 3v10012(2° —2zy—y? ) (z*+2zy—y? ) (52°+ 152" y* =702 2° +152°y* —1402°y” 2> 41682 2* +5y° —70y* 2° + 168y 2* —802°)
11(A1, - 128
6928352y z(z—y) (x+y) (22 +y?—622) (22 —2zy—y?) (22 422y —y?
125 Qui(A2 1) —Y (242 —627)( )( )
3v1001zyz(z—y) (a+y) (52°+ 152"y~ 702" 22 +152°y* — 14022y > 2% +16822 2" +5y° —70y" 2+ 168y 2" —802°)
126 Qi1(A42,2) — 33
\/19399382(m—y)(1+y)(z4—4;r3y—1412y2—4J:y3+y4)(z4+4.7:3y—14.1:2y2+4zy3+y4)
127 Qu1(B1,1) 512
\/14586z(zfy)(a:+y)(1274zy+y2)(z2+4zy+1/2)(15z4+30z21/271601222+15y47160y2zz+224z4)
128 Q11(B1,2) =15
129 Q (B 3) w/21452(z—y)(z+y)(2118+8416y2—3361622+12614y4—100814y2z2+100814z4+84z2y6—100812y422+201612y2z4—7681226+21y8—336y622+1008y4z4—768y225+12828)
11(D1, 256
\/2431rL'yz(5:L'8730356_1/27301:6z2+63;l;4y4+631:4z47301:2y67301r2z6+5ys730y6z2+63y4z4730_1/2z6+5z8)
130 Qq1(Bs, 1) 3
\/2309451yz(zs76163/27616z2+4214y2227612y6+4212y422784zzy224+121226+y87Gy6zz+12y2267228)
131 Qu1(B2,2) — &7
132 Q (B 3) Y 3003:ﬂyz(5:x8—150:1:6y2+90:1:622+336:114y4—70:1:43/222—168.11424—150:1:2y6—70:1:2y4z2+140.’1:2y2 z4+60.’1:226+5y8+90y6z2—168y4z4+60y226—1028)
11(D2, - 32
133 Quia(E1) 2(2562'° —70402°y> —70403° 22+ 316802y +633602°y> 2> +316802° 2" —36960z" y® — 1108802 y* 2% —1108802" y* 2" —369602" 2°+115502%y® +462002°y° 22 +693002y* 2* +46200°y* 2%+ 1155002 2% — 693y '° —3465y° 2> — 6930y 2* — 6930y 2° — 3465y 2° —6932"°)
11,1 (&, 256
134 Quia(E1) (69320 —1155025y> +34652° 22 +369602° y* —162002°y* 2% +69302° 2* —316802* y° +110880z* y* 22 —69300a y* 2* +6930 20+ 70402y ® — 6336027y 22+ 1108802y * 2 — 462002y 26 + 346527 2° — 256y ' *+ 7040y ® 2% — 31680y ° 2* +36960y* 26 — 11550y 25 +69321°)
11,2 ) - 256
\/6928351(61271/27,52)(y474y3276y2z2+4yz3+z4)(y4+4yBZ76y2z274yz3+z4)
135 Qua1(F,2) 556
\/692835y(12—6y2+z2)(x4—41:32—61222+4z23+z4)(z4+4z3z—612z2—4123+z4)
136 Qui2(E,2) — 256
137 Q (E 3) 3\/10011(y272yzfz2)(y2+2yzfz2)(SOwﬁ7168@4_1/271681'4,22+70w2y4+140;l;2y2z2+701'2z475y6715,1/4,22715y2z475zf’)
11,1(&, 128
138 Qi1(E,3) 3v1001y (2% —2¢2—2 ) (2° +222—27) (525 =702 y* + 152" 22 41682 y* —1402°y* 2%+ 152° 2* —80y°+168y" 2> —70y> 2" +52°)
11,2\ &, - 128
\/1939938.’1:(y—z)(y+z)(y4—4y3z—14y222—4y23+z4)(y4+4y3z—14y2z2+4y23+z4)
139 Qu1,1(E,4) 512
\/1939938y(zfz)(z+z)(1/174132714122274zz3+z4)(14+413Z7141222+41z3+z4)
140 Qui2(E,4) 512
- \/14586;E(y—z)(y+z)(y2—4yz+22)(y2+4yz+22)(22414—160:z2y2—1601222+15y4+30y222+15z4)
141 Qui.1(E,5) 512
VI4586y(z—2) (v+2) (2 —dwz+22) (2° +4wz+22) (152" — 1602y +302% 2% +224y* —160y°2° +152*)
142 QlLQ(E, 5) 512
143 ©Q (E 6) w/21451(y—z)(y+z)(12818—76816y2—768zG22+1008x4y4+2016x4y222+100814z4—33612y6—1008121/422—1008z2y224—33690226+21y8+84y522+126y4z4+84y226+2128)
11,1 (&, 256
144 Qu12(E,6) V2145y(z—2)(w+2) (212° —3362°y° +842° 22+ 10082 y* —10082* y* 2° +1262* 2* — 7682y +20162% y* 2° —10082° y* 2* +842° 20 +128y® — 768y° 2> +1008y* 2* — 336y 20 +-212°)
11,2\ &, 256




